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Abstract. We provide an explicit resolution of the Abreu equation on convex 
labeled quadrilaterals. This confirms a conjecture of Donaldson in this par- 
ticular case and implies a complete classification of the explicit toric Kahler- 
Einstein and toric Sasaki-Einstein metrics constructed in [B] 1221 1141 . As a 
byproduct, we obtain a wealth of extremal toric (complex) orbi-surfaces, in- 
cluding Kahler-Einstein ones, and show that for a toric orbi-surface with 4 
fixed points of the torus action, the vanishing of the Futaki invariant is a 
necessary and sufficient condition for the existence of Kahler metric with con- 
stant scalar curvature. Our results also provide explicit examples of relative 
JsT— unstable toric orbi-surfaces that do not admit extremal metrics. 



1. Introduction 

This paper classifies toric Kahler metrics admitting Hamiltonian 2-forms on 4- 
dimensional toric orbifolds. Apostolov, Calderbank and Gauduchon [4] pointed 
out that these 2-forms underpin known explicit constructions of extremal Kahler 
metrics (in the sense of Calabi), see e.g. Calabi and Bryant [TT], which situ- 
ate our work into the more central problem of finding (explicit) extremal metrics 
on compact symplectic toric manifolds and orbifolds. A closely related problem 
in Sasakian geometry is the study of compatible toric Sasaki metrics which are 
trans versally extremal jlO) . The common feature of these two problems is that, by 
using the toric assumption, they can be reduced to a quasi-linear 4-th order PDE 
on a (convex, compact, simple) polytope in R", which we solve explicitly for convex 
quadrilaterals in M^. 

We now describe the more general setting of the problem, following the work of 
Guillemin [22], Abreu [1 and Donaldson 16 . Let A C M" be a convex, compact, 
simple polytope and u = {ui, . . . ,Ud} a set of vectors in (R")* inward to A and 
respectively normal to the facets Fi, ... Fj, of A. By slight abuse of notation, 
we shall refer to (A,m) as a labeled polytope. In the case when there is a lattice 
A C K" with Ui e A, there is a unique positive integer e N such that :^Ui 
is a primitive element of A. Then (A, rni, . . . , m^) is a rational labeled polytope in 
the sense of Lerman-Tolman |27j and describes a compact symplectic toric orbifold. 
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The set S{A, u) of symplectic potentials consists of smooth strictly convex func- 
tions, G G C°°(A), whose inverse Hessian 

is smooth on A, positive definite on the interior of any face and satisfies, for every 
y in the interior of the facet C A, 

(1) liy{ui,-)=0 and d'H.y{ui,Ui) ^ 2ui. 

These expressions use the standard identifications (M")* ~ R", T^M" ~ R". The 
boundary conditions ([IJ are elaborated in [B] and are equivalent to the boundary 
conditions in 17 and [2'. When (A, u) is a rational labeled polytope corresponding 
to a symplectic toric orbifold, S{A, u) parameterizes the space of compatible Kahler 
metrics. As computed by Abreu [T], the scalar curvature of the metric associated 
to a symplectic potential G € S{A,u) is the pull-back by the moment map of the 
function 

The extremal affine function C(A.u) is the L^-projection (with respect to the cu- 
clidian measure) of S{G) to the finite dimensional space of affine-linear functions on 
A. It turns out that C(A,ti) is independent of the symplectic potential G £ >S'(A, u) 
and may also be defined as the solution of a linear system depending only on (A, u), 
see ? 12.21 If (A,m) is a rational labeled polytope associated to a symplectic toric 
orbifold, then the symplectic gradient of the pull-back by the moment map of C(a,m) 
is the extremal vector field [20] . 

The general problem we are interested in is then 

Problem 1. Given a labeled polytope (A,u), is there a symplectic potential G G 
5(A,m) satisfying the extremal Kahler equation 

ij ■> 

If so, can one find it explicitly ? 

Bryant [TT] and Abreu |2] showed that on labeled simplices, the solution of this 
problem is given (up to an additive affine-linear function) by 



(4) G= i ( ^^aog^.-^oologi 



o-li 



where 4(-) = (•, Ui) — Xi is an affine-linear function such that Fi C (0) and £oo = 
Sf=i ^i- Explicit solutions are also known to exist for trapezoids corresponding to 
toric Hirzebruch surfaces, see [T^ IT]. 

Motivated by the conjectured link [331 1321 US] between the existence problem 
for Kahler metrics of constant scalar curvature lying in an integer Kahler class 
and stability of the Kodaira embedding of the corresponding polarized variety, 
Donaldson [TB] gave a precise conjecture for the existence part of Problem [Tl It 
is expressed in terms of positivity of a linear functional Ca,u, called the relative 



TORIC GEOMETRY OF CONVEX QUADRILATERALS 



3 



Futaki functional in this paper, over a suitable space of convex functions (on A). 
On a labeled polytope (A, it), the relative Futaki functional is defined by 

(5) ^A,«(/) = / I fCiA,u)dv, 

JdA ^ J A 

where dv is an euclidian measure on A and dv is a measure on any facet Fi defined 
by Ui /\ dv = —dv. 

Definition 1.1. A labeled polytope (A, u) is analytically relatively K -stable with 
respect to toric degenerations if the associated relative Futaki functional £a.m is 
non-negative on any convex continuous piecewise affine-linear function on A, and 
vanishes if and only if the function is affine-linear. 

Conjecture 1. Let (A, u) he a labeled polytope. There is a solution G G 5(A,u) to 
the equation ^ if and only if{A,u) is analytically relatively K -stable with respect 
to toric degenerations. 

Donaldson proved Conjecture [T] for polygons {n — 2) when C(a,m) is constant, by 
using the continuity method [TBI HZl IHl HI] • Zhou-Zhu proved that the existence 
of a solution of ([3]) implies analytical relative iiT-stability, see [HH Proposition 2.2J3- 

In this paper, we consider the case where (A, u) is a labeled convex quadrilateral 
(C(A.ti) is not required to be constant). We show that there is a compatible Kahler 
metric admitting a Hamiltonian 2-form on any symplectic toric orbifolds whose 
moment polytope is a quadrilateral. Using the work of [H H] to separate variables 
in equation ([3]) in this case, we provide an explicit solution by means of elementary 
techniques in the case when C(a,m) is equipoised on A. 

Definition 1.2. Let A be a quadrilateral with vertices si, . . . , S4, such that si is 
not consecutive to S3. We say that the affine function / is equipoised on A if 

4 

^(-i)7(s.) = o. 

1=1 

More precisely, our main result is 
Theorem 1.3. Let (A, u) be a labeled convex quadrilateral with equipoised extremal 
affine function C{A.u) ■ Then there exist two polynomials of degree at most 4, A(x) 
and B{y), from which one can construct explicitly a S'^W^ -valued function Ha.b — 
(Hij) satisfying and 

Moreover, (A,u) is analytically relatively K -stable with respect to toric degen- 
erations if and only ifHA.B is the inverse Hessian of a solution Ga,b G '5(A,u) 
of (0) which happens if and only ifH-A^B is positive definit^. In particular, if (0) 
admits a solution in S{A,u) this solution is given by Ga,b- 

Note that our result provides a computable condition of relative iiT-stability for 
the labeled polytopes we consider and gives an explicit solution for the constant 
scalar curvature equation on labeled quadrilaterals. Indeed, constant functions are 
equipoised on any quadrilateral. Another natural class of examples is given by 
toric weakly Bocher-flat Kahler orbi-surfaces see [3' which must be either Kahler- 
Einstein, Bochner fiat (given by ^ on weighted projective planes, see [11]) or 



The result is stated for toric manifolds but the proof goes through for any labeled polytope. 
'This condition is expressed as A{x) and B[y) being positive on certain intervals. 
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given by the explicit solution of the above form on certain labeled quadrilaterals 
with equipoised extremal function, see Remark 15.61 Nevertheless, there exist la- 
beled convex quadrilaterals whose extremal afhnc function is not equipoised and 
which admit a solution to Problem [TJ Indeed, it follows from jl8 that the set 
of inward normals to a convex quadrilateral A for which (A,w) admits a solution 
to Problem [1] is open in (M"*)* and, when A is not a parallelogram, intersects the 
hyper-surface of normals u for which (A, u) has an equipoised extremal afRne func- 
tion (see Theorem II .41 below) . 

One might wonder how restrictive it is to require the extremal afhne function 
of a labeled quadrilateral to be equipoised. A key point to answer this (as well 
as to prove our main result) is the observation that fixing the polytope A and 
varying the inward normals u the coefficients of the polynomials A{x), B{y) de- 
pend linearly on u. More precisely, for a convex quadrilateral A, denote by N(A) 
the 4-dimensional cone of inward normals u = (wi, M2, M3, W4) associated to the 
facets of A and its subset E(A) (respectively C(A)) defined by the condition that 
C(A.u) is equipoised (respectively constant). Define E~''(A) as the set of normals 
u E E(A) such that (A,m) is relatively analytically K-stahle with respect to toric 
degenerations. Studying these sets leads to the following result. 

Theorem 1.4. Let A be a convex labeled quadrilateral which is not a parallelogram. 
C(A) is a codimension-one sub-cone o/E(A) which is itself a codimension-one sub- 
cone o/N(A). Furthermore, E"''(A) contains C(A) and is a proper non-empty open 
subset o/E(A). Finally, there is a l~dimensional cone K(A) C C(A) such that 
the corresponding solutions 0/ (3) define (homothetic) Kdhler-Einstein metrics on 
A X ]R2_ 

The above theorem implies that for convex labeled quadrilaterals, the condition 
that C(a,m) is constant implies the /iT-stability of (A, u). It also provides an effective 
parametrization of the Kahler-Einstein solutions found in [331 HI IS] in terms of 
classes of affine-equivalent convex quadrilaterals. 

One geometric application concerns symplectic toric 4-orbifolds. Using the well- 
known correspondence [15l [27j between compact symplectic toric orbifolds and 
(convex, compact, simple) rational labeled polytopes, we obtain as a corollary of 
Theorems 11.31 and 11.41 that a symplectic toric 4-orbifold whose labeled polytope is 
a quadrilateral with equipoised extremal affine function admits (an explicit) com- 
patible extremal metric if and only if its labeled polytope is analytically relatively 
iC-stable with respect to toric degenerations. Moreover, it admits a constant scalar 
curvature metric if and only if the Futaki invariant vanishes (i.e. Ca.m is constant). 

The question whether or not a polytope A is of rational type, that is, corresponds 
to the image of the moment map of a compact symplectic toric orbifold, preludes 
the problem of constructing examples systematically. We answer this question for 
convex polygons by giving an explicit criterion in terms of the cross-ratio of the 
elements of MP^ corresponding to the facets of A, see Theorem 16.31 We then 
show that for a strongly rational polytope A (i.e whose vertices lie in a lattice) the 
linear constraints on the normals introducing the cones E(A), C(A) and K(A) 
of Theorem 11.41 have rational coefficients, thus obtaining a wealth of examples of 
both extremal and unstable toric orbifolds. As corollary we obtain the following 
existence result. 
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Corollary 1.5. Let A &e a convex quadrilateral. If A is strongly rational then, up 
to homothetic transformations and finite orbifold coverings, there exists a unique 
compact Kahler-Einstein toric orbifold having A as moment polytope. 

Another geometric application concerns Sasaki toric 5-manifolds. There is a 
correspondence between connected compact co-oriented contact toric manifolds of 
Reeb type and strictly convex good polyhedral cones [HI I^H |H]- Moreover, the 
Reeb vector field X defines a labeled polytope {Ax,ux) which is not rational 
unless the Reeb vector field is quasi- regular, see [8] and ^ 32. 31 Theorem II .31 leads to 
the following. 

Corollary 1.6. Let {N^ , g,T^) be a compact Sasaki toric 5-manifold with constant 
scalar curvature, Reeb vector field X and momentum cone with 4 facets. Then, 
the corresponding transversal labeled polytope (Ax,'Ux) is a K-stable quadrilateral 
with respect to toric degenerations and ^a.m constant. In particular, the metric g is 
explicitly determined in terms of two polynomials of degree at most 3. 

Note that explicit Sasaki-Einstein metrics of this type have been found in [22} [14] 
and toric Sasaki-Einstein metrics have been systematically studied in [T31 [H] . 

In order to prove Theorem ll.31 we consider the cases of generic labeled quadrilat- 
erals (that is, quadrilaterals which have no parallel edges) and labeled trapezoids. 

In the first case, we use the notion of orthotoric Kahler structures introduced by 
Apostolov-Calderbank-Gauduchon in [5]. We refer to Section IXTl for definition and 
properties of such structures. Loosely speaking, these metrics provide a separation 
of variables in the expression of the scalar curvature. On compact 4-orbifolds, they 
also come with a Hamiltonian toric action with three or four fixed points. The case 
of three fixed points corresponds to triangles, that is, weighted projective spaces 
for which orthotoric Kahler metrics have been studied in great detail [TTl [2J E]. 
We prove in i jS.ll that there exists an orthotoric Kahler metric compatible with the 
symplectic form of any symplectic toric orbifold associated to a generic rational 
labeled quadrilateral. Moreover, if such symplectic toric orbifold has a equipoised 
extremal affine function, then any extremal compatible Kahler metric must be 
orthotoric. 

To cover the case of labeled trapezoids, we first notice that for labeled parallel- 
ograms Problem [T] is trivially solved by taking the product of solutions on labeled 
intervals given by (jlj. In the orbifold case, these solutions correspond to product 
of extremal metrics on weighted projective lines. Notice also that any affine-linear 
function on a parallelogram is equipoised. We then introduce the notion of a Calabi 
toric metric on a toric orbifold, naturally extending the construction of Calabi [T^] . 
We show that any symplectic toric 4-orbifold whose labeled moment polytope is a 
labeled trapezoid (but not a rectangle) admits a Calabi toric metric. Moreover, if 
such symplectic toric orbifold has a equipoised extremal affine function, we show 
that the extremal compatible Kahler metric (should it exist) must be Calabi toric. 

As a byproduct, we obtain a classification of compact Kahler toric 4-orbifolds 
admitting non-trivial Hamiltonian 2-forms. These forms are defined and studied 
in [3j m [6j. For instance, it is shown in these works that orthotoric metrics are 
exactly those admitting Hamiltonian 2-forms of maximal order and examples of 
non-trivial Hamiltonian 2-forms on weighted projective spaces are given. We obtain 
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the following classification: The moment polytope of a Kahler toric 4-orbifold 
{M,uj, J, g,T) admitting a non-trivial Hamiltonian 2-form is either a triangle (so 
that (M, J) is a weighted projective plane) or a quadrilateral. In this latter case, 
the order of a non-trivial Hamiltonian 2-forms is 2 — p where p is the number of 
pair of parallel edges. Moreover, g is orthotoric if and only if p = 0, g is Calabi 
toric if and only ii p — I and g is a product of metrics if and only Hp— 2. 

2. Toric orbifolds and extremal metrics - a quick survey. 

2.1. Toric orbifolds and labeled polytopes. A polytope A in an affine space is 
a bounded set given as the intersection of a finite number of (closed) affine half- 
spaces, Hi {I < i < d). We suppose that d is minimal. The polytopes we study 
in this paper lie in the underlying affine space of t*, the dual of the Lie algebra 
i of a n-torus. Thus, for each Hi, we can specify a normal inward vector Ui € t 
and a point Xi £ Hi, so that Hi = {x \ {x — Xi,Ui) > 0}. The polytope A is then 
described via the defining equations: 

(6) A ~ {x £ t* \ {x,Ui) > Xi for i = 1, . . . , d} with Xi — {xi,Ui). 

We suppose that the interior of the polytope, A, is a non-empty open subset of 
i*. A face of A is a non-empty subset F, for which there exists / C {1, . . . ,d} such 
that F = Fj = Di^iHi A. In particular, A = F0 is a face and all faces are close. 
The facets of A are n — 1-dimensional faces denoted Fi = F^^ij while the vertices 
are faces of A consisting of only one point. A polytope is simple if each vertex is 
the intersection of n distinct facets, where n is the dimension of A. 

From now on, we assume all polytopes to be simple, compact and convex. 

Definition 2.1. A polytope A is rational with respect to a lattice A C i, if each 
facet admits a normal vector lying in A, so we say that the pair (A, A) is rational. 
A polytope A is of rational type if there exists a lattice Act* such that the pair 
(A, A) is rational; it is strongly rational if, up to translation, its vertices lie in a 
lattice. 

Definition 2.2. A labeled polytope (A, ui, . . . , Ud) is a polytope Act* endowed 
with an inward normal vector attached to each facet. We call these vectors normals 
and say that Fi is labeled by Ui. A rational labeled polytope, (A, A,ui, . . . ,Ud), is 
a labeled polytope together with a lattice A such that Ui G A. Since the polytope 
is simple, the normals of a rational labeled polytope span a sublattice A„iin = 
spangjui, . . . C A. 

Recall that a vector w G t is primitive with respect to a lattice A if it generates 
M.V n A. A rational pair (A, A) may canonically be viewed as a rational labeled 
polytope by using the primitive vectors as normals. 

Remark 2.3. The notion of rational labeled polytope was introduced by Lerman 
and Tolman in [27]. The rational labeled polytope (A, A, mi, . . . , m^) is defined as 
a rational pair (A, A), together with a positive integer attached to each facet 
Fi. From our viewpoint, (A, A, mi, . . . , md) corresponds to (A, A, miWi, . . . , rudWd) 
where Wi is the unique inward vector normal to Fi which is primitive with respect 
to A. 

Definition 2.4. A Delzant polytope is a rational pair (A, A), such that any vertex 
of A is the intersection of the facets whose (primitive) normals form a Z-basis of 
A. 
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Definition 2.5. The polytopes Act* and A' C s* are equivalent if there exists 
an afBne isomorphism (p between the respective afRne spaces so that (f>{A) = A'. 
Two labeled polytopes are equivalent if the underlying polytopes are equivalent via 
an affine map, 0: i* — )■ s*, and whose differential adjoint (dcj))* : s — )■ t exchange 
the normals. Two rational labeled polytopes are equivalent if they are equivalent as 
labeled polytopes via an affine map 4> whose differential's adjoint (dcf))* exchanges 
the respective lattices. 

We use the definition of orbifolds appearing in [27]. We only consider diffeo- 
morphisms between orbifolds. In particular, these maps are good in the sense of [9l 
Chapter 4] . We refer to the latter reference for a detailed exposition about orbifolds 
and to p7] for an exposition of results about Lie group actions on orbifolds. 

Let (M, oj) be a compact symplectic orbifold and T a torus with Lie algebra i. 
Denote by t* the dual vector space of t. A Hamiltonian action of T on (A/, lu) is a 
faithful representation p: T — > Symp(M, w) together with a T-equivariant smooth 
map p.: M — >■ i* satisfying = —Lj_p(^^)Uj. If the dimension of T is half the 

dimension of M, {M,uj, ii,T, p) is a symplectic toric orbifold. Two such orbifolds, 
(M, a;, p, T, p) and {M' , uj' , p' , T', p'), are equivalent if there exists a symplectomor- 
phism (of orbifolds) -0: (M, w) — > {M',uj') and an isomorphism h: T ^ T' such 
that ip o p[t) o tp^^ — p'{h{t)) for all t G T. Wc shall omit the representation p from 
the notation when no confusion is possible. 

It is well-known, see [7l [Ml [E], that the image of the moment map of a toric 
manifold is a convex polytope in t*. This polytope is rational with respect to the 
lattice A = ker(exp : i — )■ T) and satisfies the Delzant condition of Definition 12.41 
In the case of orbifolds, Lerman-Tolman [27] showed that (Im p, A) is a simple 
rational polytope which is Delzant if and only if M is non-singular and for every 
p G M, the orbifold structure group of p, say Fp, only depends on the smallest face 
F containing p{p). More precisely, if F is A itself (that is, if p{p) lies in the interior 
of A) then Fp is trivial and if F is a facet then Tp is isomorphic to Z/ttifZ for some 
integer mp called the label of F. Thus, any toric orbifold {M,oj, p,T, p) naturally 
defines a labeled polytope, {Imp, A, {mp}), in the sense of [27]. This corresponds 
to a rational labeled polytope, {Im p, A, {up}), by taking, for each facet F C A, 
the normal up = mpwp where wp is the primitive inward normal vector to F. 

The Delzant-Lerman-Tolman correspondence, [TSlj^, states that the symplec- 
tic toric orbifold is determined by its associated rational labeled polytope, up to 
a T-invariant symplectomorphism (of orbifolds). Conversely, any rational labeled 
polytope can be obtained from a symplectic toric orbifold, via an explicit construc- 
tion called Delzant's construction. Two Hamiltonian actions {p,T,p), {p',T',p') 
on a symplectic orbifold (M, uj) are equivalent if and only if the associated labeled 
polytopes are equivalent, see Definition 12.51 In [26], this statement is proved in the 
smooth case, with T' = T. The orbifold counterpart is formally the same with, 
in addition, special attention paid to normals on one side and weights of the torus 
action on the other. 

Two rational labeled polytopes (A,A',m), (A,A,u) with A' C A corresponds 
(via the Delzant construction) to a finite orbifold covering with deck transforma- 
tion group A/ A'. More precisely. A/ A' C T' = i/A' is finite and acts by symplec- 
tomorphisms on the symplectic toric orbifold {M' ,uj' ,T') associated to (A, A',u). 
The quotient of M' by A/ A' is then a symplectic toric orbifold with respect to 
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the torus T = t/A and is associated to (A,A,u) via the Delzant-Lerman-TohTian 
correspondence. For studying T~invariant Kahler metric it is then not restrictive 
to consider the minimal lattice Amin — span^jwi, . . . , u^}- Minimal lattices cor- 
responds to simply connected orbifolds, see 6 and |30j . We shall omit the lattice 
from the notation of a rational labeled polytope when using the minimal lattice. 

The cohomology class of the symplectic form of a symplectic toric orbifold is 
rational if and only the associated polytope is strongly rational with respect to the 
lattice of circle subgroups of the torus. Indeed, this property is a corollary of the 
original construction of Delzant 15 and holds for orbifolds, see [27 . 

2.2. Compatible Kahler metrics and the extremal equation. We consider 
a Kahler toric orbifold (M^", cj, J, T, /^), where g is T-invariant, w-compatible 
Kahler metric and J is a complex structure such that g{J-,-) = a;(-, •). We denote 
by (A, Ml, . . . , Wd) the associated rational labeled polytope. Recall, [151 [27], that 
M = fi~-^{A) is the subset of M where the torus acts freely. The Kahler metric 
provides a horizontal distribution for the principal T-bundle /i: M — A which 
is spanned by the vector fields JX^-, u € t = Lie T. This gives an identification 
between the tangent space at any point of M and t®t*. Usually, one chooses a basis 
(ei, . . . , e„) of t to identify M ~ A x T using the flows of the induced vector fields 
Xe-^, ... Xe^, JXei, •■• JXg^ (which commutcs thanks to the integrability of J). 
The action-angle coordinates on M are local coordinates (^i, . . . , fid,ti, . . . ,td) on 
M such that — (/i, e^) and X^^ = The differentials dti are real- valued closed 

1-forms globally defined on M as dual of Xe^ (i.e dti{Xei) — 5ij and dti{JXe.) = 0). 

In the action-angle coordinates (/ui, . . . , /id, ti, . . . ,td)^ the symplectic form be- 
comes uj = X)r=i '^M* ^ ^^i- well-known 123] that a Kahler toric metric may be 
expressed with respect to these coordinates as follows: 

(7) g — Grsdflr ® dfJ-s + Hrsdty (g) dtg, 

s.r 

where the matrix valued functions (Grs) and {Hrs) are smooth on A, symmetric, 
positive definite and inverse to each other. In particular, g^cd = Grsdfir ® d^s 
is a Riemannian metric on A. It may be more convenient to view these objects 
through the identification between tangent spaces of M and t® i* as above. Indeed, 
following 6J we define the 5^ t* -valued function H: A — ^ t* (g) t* by H^(p)(m,w) — 
gp{Xu, Xy), and put Hrs = H(er,es). Similarly, G: A — > i (8) t is the metric grcd 
via the usual identification T^A ~ t*. Given the expression ([7|), the integrability of 
the complex structure J is equivalent to the relation 

(8) Grs — T; Gjs 

O Hj O fir 

or, equivalently, to the fact that (Grs) is the Hessian of a potential G G C°°(A). 

Necessary and sufficient conditions for a 5'^t*-valued function H to be induced 
by a globally defined Kahler toric metric on M are established in [2l [ITl [6] . We 
will use in this paper the boundary conditions of [6], which we recall below. For a 
face F = Fi = (li^iFi of A, denote t_F = spanjjjMi \ i £ I}. Its annihilator in t*, 
denoted t^, is naturally identified with (t/t^)*. 
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Proposition 2.6. [6, Proposition 1] Let H be a positive definite S^t* -valued func- 
tion on A, whose inverse satisfies H comes from a Kdhler metric on M if 
and only if H is the restriction to A of a smooth S^t* -valued function on A, still 
denoted by H, which verifies the boundary conditions (QJ) and such that the restric- 
tion o/H to the interior of any face F C A is a positive definite (t/ip)* -valued 
function. 

Recall that the set of symplectic potentials S{A,u), defined in the introduction, 
is the space of smooth strictly convex functions on A for which H — (Hess G)^^ 
satisfies the conditions of Proposition 12.61 Notice that the compactification condi- 
tion ([T|) uses the normals and not the lattice. This agrees with the fact that different 
lattices (but identical normals) lead to orbifolds admitting a common finite orbifold 
covering. 

Abreu [1] computed the curvature of a compatible Kahler toric metric, g, in 
terms of its potential Gg G S{A, u). More precisely, choosing a basis of t = Lie T 
as above and using the action-angle coordinates to express the metric as the 
scalar curvature on M is the pull-back by fi of the function S{Gg), defined by ([2]) 
via the symplectic potential Gg of g. 

It is well-known, see e.g [1], that the metric g is extremal if and only if S{Gg) 
is an affine linear function on A. In this case, this function must be equal to the 
extremal affine function C(A.m) which we now define. Choosing a basis (ei, . . . , e„) 
of t gives a basis fiQ — 1, fii — (ei, •), . . . , fin = (e„, •) of affine-linear functions. We 
define C(A,ti) = X]"=o CiAti where the vector ( — (^o, • • • , Cn) ^ K"^"^ is the unique 
solution of the linear system 

n 

Y^W,,C3=Z^, i = 0,...,n 

(9) 

with Wij = / fiiiJjdv and Zi — 2 iJidiy, 

J A JdA 

where the volume form dv — dfii A • • • A d/i„ and the measure dv on d A defined by 
the equality Uj A dv = —dv on the facet Fj. In other words, C(a,m) is determined 
by requiring that the linear functional ^ annihilates any affine-linear function /. 

Equivalently, the extremal affine function is the L^(A, (iw)-projection of S{Gg), 
for any compatible Kahler toric metric g to the finite dimensional space of affine- 
linear functions. Indeed, integrating ^ by part and using condition ([T|) we get 



/ S{Gg)iiidv = 2 / iiidv. 

J A JdA 



Remark 2.7. Let H = (Hij) be any S'^t*-valued function on A satisfying the 
compactification condition ([T]) but which is not necessarily positive definite. Using 
integration by parts as above, one can show that the L^(A, (i'y)-projection of the 
function 



9' 



d fiid fij 

on the space of affine-linear functions on A is still equal to C(A,u) 
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2.2.1. Uniqueness. Guan [25) showed the uniqueness, up to automorphisms, of com- 
patible extremal Kahler toric metrics on a smooth compact symplectic toric man- 
ifold. In fact, he proved that a geodesic in the space of compatible T-invariant 
Kahler metrics corresponds, via the Moser Lemma, to a straight line in the space 
of symplectic potentials iS(A, u). Then, any two Kahler toric metrics may be linked 
together by a geodesic and, by a well-known argument using the convexity of the 
Guan-Mabuchi-Simanca relative K -energy £ over geodesies, any two extremal toric 
metrics must coincide up to automorphisms. 

Guan's proof can be recasted in terms of symplectic potentials following the work 
of [16j. Indeed, it is showed that the relative if-energy of a metric associated to a 
potential G G 5(A, u) is 

£:(G) 2/:(A„)(G) - / (logdetHess(G))df 

J A 

where C(a.u) is the relative Futaki functional ([5]). One can check that the critical 
points of £ are exactly the solutions of ^ by computing that 

dSaif) ^ 2C^A,u)if) - J (H,Hess/)d« 

where H — (HessG)""'^ and (•, •) is the usual inner product of symmetric matrices 
(i.e the trace of their product). Moreover, for a segment Gt — tGi + (1 — t)Go in 
S{A,u), we compute 

(11) " L^^'^^' ' Go), H^(Gi - Go))dv, 

where Gt denotes the Hessian of Gt and Ht = G^^ . This implies that £ is convex 
along segments in S{A, u). Hence, if Go and Gi are two solutions of ^ then £ is 
constant along Gt and ^£{Gt) — 0. Due to PT|) . this implies that Gi — Go = 0, 
that is, Gi — Go is affine-linear. 

2.3. Sasaki toric geometry. 

2.3.1. Contact toric manifolds. Recall that there is a correspondence between co- 
oriented compact connected contact manifolds and symplectic cones over compact 
manifolds. Indeed, to such a contact manifold, (A^^"+^,I?), one can naturally as- 
sociate the symplectic cone cj, <;) where T)"^ is a connected component of the 
annihilator in r*iV of the contact distribution 2? without the zero section, uj = dX 
is the restriction of the differential of the canonical Liouville form A of T*iV, and <r 
is the Liouville vector field defined as <?(p,a) — ^| ^^'^^p^ so that iZ^cj — Gj. 

Definition 2.8. A (compact) contact toric manifold (Af-^"+^, 2?, r"+^) is a co- 
oriented compact connected contact manifold (Af^"+^, I?) endowed with an effective 
action of a (maximal) torus T ^ Diff(A^) preserving the contact distribution T) and 
its co-orientation. Equivalently, the symplectic cone (PJj^, cZ;, ^) is toric with respect 
to the action of T and the Liouville vector field <r commutes with T. We denote by 

fi: Vl^i* ^ (Lief)* 
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the contact moment map, which is the unique moment map of (V^^uj^T) which is 
homogeneous of order 1 with respect to <j, see [29] . 

Definition 2.9. A polyhedral cone is good with respect to a lattice A, if any facet 
Fi has a normal vector lying in A and, for any face Fj — Hi^iFi, 

(12) span^{{ti I i G /} = A n spanjjjui \ i G 1} 

where iii denotes the normal vector to Fi which is primitive in A. 

Lerman established |^ [5^ a correspondence between contact toric manifolds 
and good polyhedral cones. The image, Im ji, of the contact moment map of a 
compact contact toric manifold {N,'D,T) does not contain and C — Imp, U {0} 
is a convex, polyhedral cone which is good with respect to the lattice of circle 
subgroups. Act. C is called the moment cone. Conversely, any convex good 
polyhedral cone is the moment cone of a contact toric manifold, unique up to 
contactomorphisms. 

2.3.2. Reeb vector field and transversal Kdhler toric geometry. 

Definition 2.10. A contact toric manifold (TV, V, T) is of Reeh type if there exists a 
contact form whose Reeb vector field is induced by an element of the Lie algebra of 
T. Equivalently, {N, T), T) is of Reeb type if the moment cone C is strictly convex, 
that is, = {a e 1 1 Vx e C\{0}, (a, a;) > 0} 7^ {0}. 

Let {N, T), T) be a contact toric manifold of Reeb type and with contact moment 
map pL. Let d be the number of facets of C and denote by mi, . . . , the set of 
primitive vectors in A labeling C. For any h G C^, there is a contact form, rj\,, 
for which is a Reeb vector field. We denote by Pi, the hyperplane Pb = {x d 
i* I (6, x) = 1}; Af, the polytope Ab = C n P;, and Qb the quotient map q^: t/R6. 
The polytope Af, is n-dimensional, simple and compact 

Moreover, if 6 e and M& n A 7^ {0}, it generates a circle subgroup of T: 
Tb = Rfe/(R&nA). This group acts on the cone (I?° , li) via the inclusion if, : Tf, ^ T, 
with moment map ^b ■ — > K given by o p. The space of leaves Zb of the Reeb 
vector field Xf,, or equivalently the symplectic reduction p'^^il)/Tb, is an orbifold 
naturally endowed with a symplectic form uj and a Hamiltonian torus action of 
T /Tb such that the associated rational labeled polytope is 

(13) {Ab,gb{ui),...,gbiud)) 
with the afSne identification (t/(M6))* ~ Pb, see [8]. 

Definition 2.11. A Sasaki toric manifold (N,!), g,T) is a Sasaki manifold whose 
underlying contact structure is toric with respect to T and whose metric is T- 
invariant. 

The Sasaki toric manifold (N,!), g,T) corresponds to the Kahler toric cone 
{'D'^ ,uj,g,<^,T, p) where the metric g is the cone metric of g, that is g is homogenous 
of order one with respect to <, and restricts to g on the level set g(^^, <r) = 1- Recall 
that g is Kahler, toric and homogeneous of order 1 with respect to the (holomor- 
phic) Liouville vector field Notice that is induced by an element 6 € C!!^ C i, 
so that Xb = J<, restricts to a Reeb vector field on A*" C M, where TV is seen as the 
subset of M where g{<,, <j) = 1. 
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The transversal geometry of g refers to the metric 5, mduced on I?, that is, 
g — rjb ® rjb g ■ RecaU that drjb restricts to a symplectic structure on T), so that 
(P, driii,g) defines a transversal Kahler toric structure. When the space of leaves Zf, 
of the Reeb vector field Xt, is an orbifold (that is, when M6nA 7^ {0}), we can identify 
its tangent T^-bundle (see [9]) with V so that {Zi,,drii,) is the symplectic toric 
orbifold associated to the labeled polytope ([T3l) . We want to describe the transversal 
geometry of g using this polytope, which is defined even when Rb H A 7^ {0}. 

The Kahler toric structure {uj,g,J) is expressed on the set M = jl^^{C\{0}) 
where the torus acts freely with a 5*^1- valued function G, having an inverse H. The 
5'^t*-valued function H must satisfy the Proposition l2.6l Indeed, these conditions 
are local and correspond to the smooth extension of the metric over the singular 
orbits of the action, see the proof of [6l Proposition 1]. 

Lemma 2.12. [29] The functions Gij and Hij are homogeneous of respective orders 
— 1 and 1 with respect to <;. Moreover, ifh&i induces the Reeb vector field = J<^, 
then for all /t G C, H^(fo, •) = /i. 

Recall that H is a map H : C — > 5^t* and we denote by H/i its value at fi E C. 

Proposition 2.13. Let C be a good cone with inward normals ui, ... Ud- Let 

b e and H be a positive definite SH* -valued function, satisfying the conditions 
of Provosition on the faces of C. For every (1 £ C , put 

fc . fi(E)fi 

Then is a positive definite S'^it/Mh)* -valued function, satisfying the conditions 
of Provosition [KB\ with respect to (A^, gb{ui), . . . , gb{ud)). Moreover, ifRbOA ^ {0} 
and H is associated to the cone metric of a Sasaki metric, g, on N , then the 
transversal metric g induced by g on the orbifold Zb is associated to the restriction 
o/H'' to Afc. 

Proof. We denote by [a], the equivalence class of a in t/(R6). Due to Lemma [2.121 

b H^(6,-)$SH^(6,-) 

Xl,-, — tin . 

H^(fe,&) 

This S''^t*-valued function is well-defined on the quotient t/R5 since H^(5,-) 0. A 
facet Fk lies in the annihilator of the attached normal vector iik since its closure in t* 
contains 0. Thus, for y e Fk, using liy{uk, ■) = 0, we get liy{[uk], ■) = H|^(ufc, ■) = 
and 

dyll\[uk], [uk]) = dyMuk,Uk) - 2%^Ufc + - 2ufc. 

{y,b) {y,b)^ 

The 5'^t*-valued function associated to a toric metric g is defined by 

Bf>{a,c)=g{Xa,X,) 

for two vectors a, c e i. On the other hand, the Kahler metric g induced on Zb 
by g is defined by g[p]([X], [X'\) — gp{Z, Z') where Z (resp. Z') is the horizontal 
projection of X (resp. X') at p and [ • ] denotes the equivalent class of points or 
vectors with respect to the local action generated by Xb. For a £ t, the horizontal 
projection of Xa is 

H(a,6) 

— —, -^b- 

H(6,6) 
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Then H^([a], [c]) = = g{[Xa], [X,]) ^ gp{Za,Za) = Il\[a], [c]), which 

concludes the proof. □ 

As a coroUary, we obtain the fohowing weh- known result jlO) . 

Lemma 2.14. The metric g is extremal if and only if the induced metric g is. 

Proof. Fix a basis of t, eo ~ b, ei, ... e„, and identify t/(M6) with M" by using the 
basis {ei, . . . , e„}. Then, the S'2t*-valued function of the quotient restricted to the 
hyperplane (/i, b) — 1 becomes = (Hij) — {Hij — AiAj)- We then compute 



n = Sf, + n 



i.'j—O «,J — 1 — 1 

by using Abreu's formula □ 

Combining Proposition l2 . 1 31 with the result of [M] we get the following corollary 
(where for simplicity wc denote the labeled polytope {/S.^, qi,[ui), . . . , Qb{ud)) by 
(A6,ufc)). 

Corollary 2.15. Let (iV2"+^, I?, r"+^) he a compact toric Sasaki manifold with 
Reeb vector field Xf,. If g is extremal (in the sense that g is) then (A(,,Ufc) is 
analytically relatively K -stable with respect to toric degenerations. Moreover, if g 
has constant scalar curvature then C{At,ut) constant. 

We expect the converse to be true for 5-dimensional contact toric manifolds with 
constant extremal afhne function, in view of [HI [T71 [T51 [T5] but we do not show 
this in the present paper. 

3. Orthotoric structures and generic quadrilaterals. 
3.1. Orthotoric structures. 

Definition 3.1. Let {M^,u!, J, g,T, ^) be a compact, connected, Kahler toricH 4- 
orbifold. It is orthotoric if there exist two positive smooth T-invariant functions 
X, y G C°°{M) with (/-orthogonal gradients on M and an identification between t* 
and R2 through which the moment map is fj, — {x + y, xy). We call x, y orthotoric 
coordinates on M. 

In [3], it is shown that an orthotoric orbifold admits a Hamiltonian 2-form of 
maximal order. Recall that a 2-form 5* is Hamiltonian if, for any vector field X, 

2Vx* = dai A uj{X, •) + dVi A g{X, •) 

where cri = tr^'^ — ^jj^. In complex dimension 2, the orthotoric coordinates, x, y 
are the eigenvalues of J o v]/ (viewed as a field of complex endomorphisms of (M, J) 
via the metric g). In particular, x and y are continuously defined on the whole M. 
Notice that ai = x + y and we set 

* A * 

(72 = xy = det^-^ = —. 

The moment map of an orthotoric orbifold is 

1^ = (^1,0-2) = {x + y,xy) 



■^Every compact orbifold admitting an orthotoric Kahler metric in the sense of "3^ is toric, 



a. 
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and its moment polytope A = Ini /i has a special shape which we shall now describe. 
Since is a moment map, it has rank 2 on M and so x—y does not vanish on M . Our 
convention is that a; > y on M and we set Imx = [ai,a2\ and Imy = [/3i,/32], with 
cti > (32- The facets of A are explicitly given as the image via a : (x, y) i— ^ [x+y, xy) 
of the facets of the rectangle [Q!i,a2] x [/3i,/32], that is, for i = 1, 2: 

Fa, ^ {<j{ai,y)\y e [l3i,l32]} and F/^, ^ {a{x, /Si) \ x e [ai,a2]}. 

The normals of A associated to Fa-^, -Faa, Fp-^ and Fp^ are, respectively 

(14) Ua, = Ca, (^^^^ , = C^., ^"^^ , Ufj^ = Cfj, (j^^^ , Up.^ = Cp^ (^^^^ 

for some constants Cai , Cp^ > and , Cp-^ < 0, where the signs are prescribed 
by the convention that the normals are inward vectors. 

Remark 3.2. The case a2 — Pi has been extensively studied in [5] and corre- 
sponds to triangles, that is weighted projective spaces. It is shown that the only 
n-dimensional compact manifold admitting an orthotoric structure is CP". 

Definition 3.3. A quadrilateral A C is an orthotoric polytope if there exists 
a rectangle [ai,Q;2] x [/3i,/32] C M^, with /32 < ai, which is mapped on A by 
the map a{x,y) = {x + y,xy). We denote such a polytope /S.ai^a2,i3i,l32- Thus, 
any labeled orthotoric polytope determines and is determined by 8 real numbers 

(ai, q;2, /?!, /32, Cqj , , C/3j , Cp^) which we shall refer to as orthotoric parameters. 

Let A be a convex quadrilateral in t* and si, S2, S3, S4 its vertices, such that 
si and S3 are not adjacent. By identifying S2 — si and S4 — si with a basis of t*, 
A becomes the convex hull in of points (0, 0), (1, 0), (a, 6), (0, 1). We denote the 
resulting polytope A'^^ and call it a normal form of A. Since A is convex, a > 0, 
6 > and a + 6 > 1. Notice that if a, 6 ^ 1, A is generic, that is, has no parallel 
edges. Obviously, the normal form is not unique. 

Lemma 3.4. There exists an ajfine map of mapping A'^^, j^,-^ to A'^^ j^-j if and 
only if{a',b') belongs to 



(15) 



(a,b),-(a + b- 1,1), I (a,6),^(l,a + 6-l), 
a a + — 1 

{b, a),-{l,a + b-l),—^ -(a,6),i(a + 6- 1,1) 

a a + — 1 



In particular, a convex quadrilateral A is affinely equivalent to a unique A'^^ C 
such that a,b>0,b<l<a and a + b > 2. 

Lemma 3.5. Any generic convex quadrilateral is equivalent to an orthotoric poly- 
tope. 

Proof. Let A'^^ be a normal form of a convex quadrilateral A. The affine trans- 
form 

l-b ) + [o, 

has an inverse if and only if A is generic. In that case, $*(A'^^ ^s^) is the convex hull 
of (1,0), (a,0), (2-6,(1-6)) and (a -I- (1 - 6), a(l - 6)). In particular, $*(A'(^ ,,)) 
is orthotoric, as the image (T([ai,a2] x [/3i,/32]), with 

ai — min{l,a}, a2 — max{l,a}, /3i = min{0, 1 — 6}, /32 = max{0, 1 — 6}. 
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Notice that (^2 < ai, since a + 5 > 1 and a, 6 > 0. □ 

Corollary 3.6. For any convex quadrilateral A, there exists a unique pair [a, (3), 
satisfying < 13 < 1 < a and a — (3 > 1, such that A is affinely equivalent to 
the normal form A'^^^_py We call the characteristic pair of A. If A is 

generic then (3 > ( and thus a > 1) and it is affinely equivalent to the orthotoric 
quadrilateral Aajj — cr([0,/3] x 

We now summarize and rephrase [5J Proposition 1] and [3J Proposition 11] which 
together describe the space of orthotoric Kahler metrics compatible with a given 
toric symplectic orbifold. 

Proposition 3.7. Let {M,lo, g, fj,,T) be an orthotoric orbifold with orthotoric 

coordinates x and y and momentum coordinates ai = x + y, ^2 = xy. Let ti, t2 
be the corresponding angle coordinates on M. Letting Imx = [ai,a2] and Imy — 
{Pi, 132], there exist functions, A G C°°([ai,a2]) and B g C°°([/3i, /32]), such that 
A(x) and B{y) are positive on M , 

and 

A{a,) = 0, B{P,) = 0, 
' A\a{) = 2/C„,, B'(/3,) = 

Conversely, for any smooth functions respectively positive on (ai , 02) and , j32) 
and satisfying |j7| j, the formula HI 0(1 defines a smooth orthotoric Kdhler metric on 
M compatible with lo, with orthotoric coordinates x and y. 

The 5^R^-valued function H = (^(Xe; , )) associated to the metric (|16p is 

" A{x) + B{y) yA{x) + xB{y) 
x-y \yA{x) + xB{y) y^A{x) + x^B{y)^ 

Proposition l3.7l can be derived from (flSl) by using Proposition l2.6l The integrability 
condition ([S]) is satisfied by construction. In particular, one can give the explicit 
symplectic potential [4, Proposition 11]: 

(19) G.M-,y) = -J^^ ^(t) '^^ + 7,^ Bit) 

From Lemma 13.51 and Proposition 13.71 we infer. 

Proposition 3.8. Let {M,uj,T, fi) be a symplectic toric A-orbifold. There exists 
an orthotoric metric compatible with uj if and only if the polytope Im /i is a generic 
quadrilateral or a triangle. 

Proof. For triangles, see ^ . An orthotoric quadrilateral is generic by definition. 
Conversely, if Im/i is generic, by Lemma |3.5[ we can identify the Lie algebra of T 
with , such that Im /i be an orthotoric polytope. Thus, Im /i is the image by ct of a 

rectangle [ai, 02] x [/3i, /32] C with ^2 < ai. The functions x — '^^^^2ao ~~ 

y = — — are smooth on M since x > y. Moreover, dx and dy are linearly 

independent on AI since ^ is a moment map. Hence, taking positive functions 
satisfying condition (fT7|) leads to a smooth metric (fT6|) for which dx and dy are 
orthogonal. □ 



16 



EVELINE LEGENDRE 



3.2. Extremal orthotoric metrics. The "separation of variables", mentioned in 
the introduction, appears in the formula giving the scalar curvature of an orthotoric 
metric gA,B, 1.3]: 

(20) 5(G„„)^-i>ii?:M. 

x-y 

Remark 3.9. It is elementary to verify that if A and B are positive, the inverse 
Hessian of the potential ([T^. with respect to cti = a; + y and a2 — xy, is ^TE\\ and 
then that the scalar curvature is (pUj) . It is not necessary to notice the presence 
of a Hamiltonian 2-form (orthotoric metric in this case) but it gives a unified and 
geometric framework. 

Then, the condition for the metric to be extremal (which, in the toric context, 
amounts to the fact that its scalar curvature is the pull back by the moment map 
of an affine-linear function on t* with respect to variables ai — x + y and CT2 — xy) 
gives rise to the following conditions on A and B: 

Proposition 3.10. [3] Let {A'I,uj,g, J, ^) he an orthotoric orbifold where g is 
expressed on M as il6]) with respect to orthotoric coordinates x,y. Then, g is 
extremal if and only if A and B are polynomials of degree A, say A{x) — Aox^ + 
Aix^ + A^x^ + A-^x + A4 and B{y) = B^y^ + Biy^ + Bay^ + B^y + B4, with 

(21) Ao = ~Bo, Ai = -Bi and A^ = -B^. 

Moreover, assuming \21]) . g has constant scalar curvature if and only if Aq =0 and 
is Kdhler-Einstein if and only if 

(22) Ao^O and A3 = -B3. 
Remark 3.11. Notice that for any extremal orthotoric metric 

(23) 5(Gg^.«) = -12^o(a: + y) ~ 6A1 = -12^0^X1 - 6A1. 

It follows that the scalar curvature of an extremal orthotoric metric is equipoised 
in the sense of Definition 11.21 



Remark 3.12. Although we found it geometrically instructive to present most of 
the material of this section in the setting of toric orbifolds, the assumption that 
the corresponding labeled polytopes are rational is unnecessary for the results to 
hold true. For instance, if (A, u) is a labeled orthotoric polytope with orthotoric 
parameters (/3i, /32, cki, a2, , , C^j , C^j) and if there exist polynomials A and 
B respectively positive on [ai,a2] and [/3i,/32], satisfying conditions p7|) and ([2T|). 
then the function G defined by (fTO]) is a solution of Problem[T]for (A, u). Moreover, 
via Propositions 13.71 and 13.101 the metric gA,B given by (|16|) defines an extremal 
Kahler metric on A x R" with boundary condition given by ([1]). 

The next lemma states a condition on the orthotoric parameters for that it exists a 
formal solution of Problem [Jl that is a solution Ha,b of equation ([3]) which is not 
necessarily positive definite. This is equivalent to the fact that there exist polyno- 
mials A and B satisfying conditions (|17l) and (PT|) but they are NOT necessarily 
respectively positive on [Q!i,a2] smd [/3i,/32]- 

Lemma 3.13. Let /3i < /32 < ai < 0:2 be real numbers and Cai, Ca2, Cp^, Cp^ 
be non-zero real numbers. There exist polynomials of degree at most A, A and B, 
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satisfying conditions |j7[) and 1121]) if and only if 



(24) 



(ai + 02)^ +2ai + (/3i 


+ /32; 


f + 2/3i/32 


- 2(2a2 +ai)(/3i +/32) 




(q!2 - 






(ai + aa)^ + 2af + 




? + 2/3i/32 


-2(2ai + a2)(/3i+/32) 




(^2 - 


- ai? 




(/3i + /32)' + 2/3| + (ai 


+ OL2, 


)2 + 2aia2 


- 2(2/32 02) 










(A + 132? + + («1 


+ a2, 


f + 2Q!ia2 


-2(2/3i + /32)(ai +^2) 




W2- 







(/32-/3i)2C^, 

In this case, the polynomials A and B are uniquely determined by the orthotoric 
parameters. They are of degree 3 (i.e Aq — 0) if and only if 

1 /I 1 \ 1 / I 1 



^^^^ (a2-ai)HC«i ' Cc.J {P2-Pi?\C0, • Cp, 
A and B satisfy the condition V2'^] if, in addition to \24^ and 
1 02(2011 + (12) , 01(202 +Q!l) 

(26) 



(02 - Oi)2 \^ Ca, Ca^ 



1 //32(2/3i+/32) , /3i(2/?2+/3i) 



(/32 - Pi? V Cp, ' Cp, 

Proof. The compactification condition (jl7l) implies that oi, 02 and /3i, /32 are roots 
of A and B respectively. So if such polynomials exist, they must be of the form 

A{x) ^ {x - ai){x - a2){Af)X^ + Rix + R2), 

B{y) - (y - Pi){y ~ m-Aoy' + S,y + ^2), 

for some constant Aq, -Ri, i?2, •S'l, 5*2. The extremality conditions (I?!]) imply 

i?i - ^o(ai + 02) = -5*1 - ylo(/3i + ;32), 

i?2 + ^oai02 - i?i(oi + 02) = -S'2 + Ao/3i/32 + + ;S2)- 



The compactification condition (|17p reads, in terms of (|27l) . 

A'(oO = (-l)*(o2 - oi)(Aoa^ + i?ia, + i?2) = 2/a,, 

S'(/3,) = (-l)X/32 - /3i)(-^o/3- + Sil3, + ^2) = 

for i = 1,2. i?i and i?2 may be expressed as functions of Aq, by using the condi- 
tion (HH) 



(30) 

and similarly, 
(31) 



1 / 2 2 \ 

^1 = 7 ^I 7=;— + 7^ - ^o(ai + ^2), 

(02 - oi)-^ VOq, / 

1 / 2o2 2oi , , 

(02 - 01)^ VCqi Cq2 



c _ 1 /^2/32 2/3i\ 

- Z5 7^ ^ TT- - ^0PlP2- 

(P2 - Pl)^ V^ft <-/32y 
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The condition (|28|) . together with the fact that ai + a2 — (/3i + (32) ^ 0, allows us 
to determine 

1 / 1 / 2 2 

^0 



2(ai + a2-(/3i+/32)) V("2-ai)HCai 

The second line of ([^5]) implies 

2 /2a2 + ai 2ai + a2\ 2 /2/32 + /3i 2/3i + /32 



(33) ("2 - ai)2 V Cc.^ Ca, ; (/32 - V C^i 

= ^o((ai + aa)' + 2aia2 - (A + /32)' - 2/3i/32) 

which may be written as (P^ . Equation ([25]) comes directly from the line (15^ . 
Finally, the condition p2|) is A3 = — ^3 assuming Aq — 0, that is — i?iaiQ;2 + 
i?2(ai + a2) = -S'i/3i/32 + S'2(A + ;32) is exactly equation □ 

Remark 3.14. Polynomials of degree 3 satisfying the compactification condition (|17p 
are automatically positive on (ai,a2), and (/3i,/32)- 

4. Calabi toric structures and trapezoids. 

4.1. Kahler toric 4-orbifolds with non-trivial Hamiltonian 2 forms. 

Definition 4.1. A Kahler toric 4-orbifold, {M,uj, J, g,T, is Calabi toric with 
respect to a Killing vector field K, if there exists a Hamiltonian 2-form of order 1 
whose non-constant eigenvalue is a Hamiltonian function of K . 

From Proposition 10] we know that, excluding CP^, there is a unique non 
trivial Hamiltonian 2-form up to addition of a multiple of the symplectic form, on a 
toric 4-orbifold. In particular, such Hamiltonian 2-form, as well as the symplectic 
gradient of its trace K, is T-invariant. 

Proposition 4.2. The moment polytope of a symplectic toric orbifold admitting a 
compatible Calabi toric metric is a trapezoid or a triangle. 

Proof. Suppose that {M,uj, J, g, K,T, ij,) is Calabi toric. Let v E t he such that 
K — Xy , we know that such vector v exists since if is a Hamiltonian Killing vector 
field commuting with the infinitesimal action of T on M. Let x = fJ.{v). Notice 
that dx = dfi{v) — —Lu{Xy,-) vanishes only on zero set of K while, thanks to [H 
Theorem 1], we know that g{K,K) only depends on the value x. In particular, 
critical points of x are only contained in the preimage of the ends of the interval 
Im X. Hence, A n ev~^(Im x) does not contain any vertex of A. Thus, A is a 
trapezoid or a triangle. □ 

From now on, we assume that the toric action of a Calabi toric orbifold fixes 
four points, so its polytope is a trapezoid and we exclude weighted projective space 
of our consideration. 

Proposition 4.3. The Kahler toric orbifold {M,lo, J, g,T, fj,) is Calabi toric with 
respect to K if and only if there exist two positive smooth T-invariant functions 
x,y G C°°{M) with g-orthogonal gradients such that K = Jgrad x and there is an 
identification between i* and for which 

H = {x,xy). 
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Proof. Suppose first that (A/, uj, J, g, K,T, fi) is Calabi toric and consider tlie same 
notation then the one in the proof of Proposition 14.21 Recall that M denotes 
the open dense subset where the torus acts freely. By the general theory, M is a 
manifold diffeomorphic to A x T. Hence, the manifold M, when endowed with the 
restriction of the Kahler structure of M, is a connected Kahler manifold admitting 
a Hamiltonian 2-form of order one whose only non-constant eigenvalue, say ^, is 
a Killing potential for K. This situation is exactly the one required to apply [4j 
Theorem 1] . Thus, we obtain the explicit description of the restriction of the Kahler 
structure (w, J,g) on M: 

(34) ^-IR^^ +^-^^ + 4:^^' Jdx^^e, 

uj — xuj\ + dx A 6, d9 ~ 

where A is the constant root of the Hamiltonian 2-form so that x :— |A — ^| is 
positive on M, the 1-form 9 satisfies 9{K) = 1 and {g\,uj\) is a Kahler structure 
on a Rieman surface. 

Adding a constant to ^ if necessary, we suppose that x = ^(v) > 0. Let u g t be 
any vector for which the pair (v, u) is a basis of i. This choice gives an identification 
between Lie T and R^, so that 

/i — fi{v)v* + fi{u)u* = {x,^{u)). 

Translating by v if necessary, one can choose u in order that the T-invariant 
function 

fu = 9{Xu) = ., . g{Xu,Xy) 
A(x) 

be non- negative. One has Cx^fu = 0, Cx^fu — from T-invariance and 

^jx^fu = d9{JXy,Xu) = 

(35) -1 

Cjxju = -d9iXu, JXu) = — (w(X„, JXu) + fudx{JX^)) 



using (p4)) . The vector fields Xu, Xy, JX^, JXy commute so the formulae above 
determine the differential dfu — -^{dniu) — fudx) and then fi{u) — xfu + c for a 
certain constant c. 

The map jl — fi — cu* is a moment map for the action of T such that fj.{v) = 
fi{v) > and 

(36) p. = fi{v)v* + - c)u* = (x, xfu). 

In particular, the function /„ may be defined on the whole M. Indeed, the assump- 
tion that T fixes 4 points of M is equivalent to that Im /2 is a quadrilateral which 
can be true only if x > on M. We set y = fu, so fi = {x, xy). Finally, notice that 
the first formula of ([35]) implies that dy and dx are orthogonal. 

Conversely, the fact that the moment map is /i = {x,xy), with x > and 
y > 0, implies that the rational labeled polytope associated to {M,uj,T) has a 
normal lying in Mei. In particular, the line Mei meets A (where T = R^/A) and 
determines a circle, S C T, the generator of which is R-collinear to K = Jgradx 
and is a Hamiltonian Killing vector field on M. Consider the set of action-angle 
coordinates {ai,a2,t,s) on M where (cri,CT2) = {x,xy) and dt{K) ~ 1 and the 
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normal expression for the toric metric in term of matrices H — (Hij) and G = (Gij)- 
The assumption that dx and dy are (^-orthogonal implies the following relations: 

(37) Gn+2yGi2 + y^G22 = fix,y), x(Gi2 + yGas) = and x^G22 ^ h{x,y). 



From these equations and the integrability of J, we infer 
(38) 



^ Gil ~ ■^Gi2 ^-dyf- y{^Gi2 - ■^G22) = 0, 



(72 oai X a (72 0(Ji 

^ Gi2^^G22 = ^(h-xd^h) = Q 



(72 O (7l X"^ 

Hence, there exist functions of one variable A and B such that f{x,y) ~ x/A{x), 
h{x,y) = x/B{y) and 

/-OQ\ -tr , _ ( M^) yA{x) \ pi ^ _ ( A^T + xB{y) xB{y) \ 



x\yA{x) x^B{y)+y^A{x) 



xB(v) SStoT. 



Hence, we obtain that the expression of the Kahler structure on M associated to 
'Ra,b and Ga,b is exactly of the form ([34]) where 9 ~ dt + yds, oj\ — dy A ds 
and g\ — -g^^ + B{y)ds^. Using [H Theorem 2], one gets a Hamiltonian 2~form 

of order one on M given explicitly by 4* = x{uj — xlj\). This 2-form admits a 
unique extension on M since it is a parallel 2-form with respect to a connection [JJ 
Proposition 4] . □ 

The classification of Hamiltonian 2-forms on symplectic toric 4-orbifolds claimed 
in the introduction follows from the following proposition together with Proposi- 
tion 231 and the fact that orthotoric metrics characterize the ones admitting Hamil- 
tonian 2-forms of order two [51. 

Proposition 4.4. Let (M, w, J,g,T) be a Kdhler toric A-orbifold admitting a non- 
trivial Hamiltonian 2-form of order zero. Then, the moment polytope is a parallel- 
ogram. In particular, {M,uj,J,g) is a product of weighted projective lines endowed 
with a product of toric Kdhler metrics. 

Proof. Let 5* be a non-trivial Hamiltonian 2-form of order zero on M. Seen as an 
endomorphism using g, J^P has two constant roots, say Ai, A2. These roots are 
distinct since 4* is non-trivial (that is, it is not a multiple of the identity). The 
Kahler structure restricts to a Kahler structure on the eigenspaces of 4* and the 
induced splitting of the tangent space TM = Vi(BV2 is invariant by the local action 
generated by t. Since ^ is parallel with respect to the Levi-Civita connection, the 
distributions Vi are not only integrable in the Frobenius sense but also closed for 
the Levi-Civita connection meaning that VyX(p) e {Vi)p as soon as X is a section 
of Vi. Thus, a vector field, K, such that K = Ki + K2 with i^T^ e Vi, is Killing if 
and only if each vector field Ki is. Hence, one can choose a basis (ei, 62) of t such 
that g{Xf,^, Xf..^) = and Xei(p) € (^i)p for all p € U. Taking any moment map, 
fi, of the action of T on M, the functions x = /i(ei) and y = ^(62) have orthogonal 
gradients which are non-vanishing on M. With respect to the basis (61,62), Im/x 
is a rectangle since ^ = {x,y). The Proposition follows from the Delzant-Lerman- 
Tolman Classification of toric orbifolds. □ 
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4.2. Calabi toric structures. In view of Proposition |4]3l an equivalent definition 
of Calabi toric orbifold is 

Definition 4.5. Let {M,u!, J, g,T, ^) be a compact, connected, Kahler toric 4- 
orbifold. It is Calabi toric if there exist smooth T-invariant functions x and y € 
C°°{M) with X > 0, y > g-orthogonal gradients on AI and an identification 
between t* and through which the moment map is fx — {x,xy). We call x,y the 
Calabi coordinates. 

The moment polytope A — Im of a Calabi toric orbifold has a special shape. 
Let luYx = [ai,a2\ and Imy = [/3i,/32], with ai > and /3i > 0. A is the image of 
[Q;i,a2] X [/3i,/32], by a: {x,y) i— (x,xy). The normals of A are 

(40) Ma, = Cai , Ua^ = Ca^ , = C^, , U/J^ = Cp^ (^^^ 

with Cqj, > and Cq^, Cp^ < 0. This leads us to the following definition. 

Definition 4.6. A Calabi polytope is a polytope which is the image of a rectangle 
[ai,a2] X [/3i,/32] C M^, with ai > and /3i > 0, by the map a: {x,y) i-> {x,xy). 
Thus, any labeled Calabi polytope determines and is determined by a 8~tuple 
(ai, 0^2, /iJ2, C'qi , (^£(2 1 C"^! 1 C'/Sj) we shall refer to as Calabi parameters. 

Lemma 4.7. A Calabi polytope is a trapezoid and any trapezoid is equivalent to a 
Calabi polytope. 

Proof. Let a > 1 and A be the Calabi trapezoid given as the image by ct of [1, a] x 
[0, 1], the affine map 

'l/(a - 1) 0^^ ^ ^l/ia- IT 

maps A on A'^^ the convex huh in of (0, 0), (1, 0), (1, a), (0, 1). We conclude 
the proof, by using normal forms of quadrilaterals of Corollary 13.61 □ 

Remark 4.8. The Calabi trapezoid of parameters 

(ai , a2 , /3i , /32 , C'qi , Ca2 , Cp^ , Cjs^ ) 

is equivalent to the Calabi trapezoid of parameters 

l,a = — , 0, 1, aiCai,aiCa2, (^2 - Pi)aiCi3^, (^2 - l3i)aiCp^ 
ai 

Proposition 4.9. Let {M,uj,g, ^^T) be a Calabi toric orbifold with Calabi coor- 
dinates x,y and momentum coordinates ui — x, 1J2 — xy. Let ti, t2 be the corre- 
sponding angle coordinates on M. Lettinglmx — [011,02] andluiy — [/3i,/32]; there 
exist functions, A £ C°°{[ai,a2]) and B G C°°([/3i, /32]), such that A{x) and B{y) 
are positive on M , 

(41) = + ^(^^ + y"'^" + 

and 

A{a,) = 0, B{I3,) = 
^^^^ = B'{p,) = -^. 
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Conversely, for any smooth functions, A, B, respectively positive on (ai,a2) o-nd 
iPijPi) and satisfying ^2^ , the formula defines a smooth Calabi toric metric 
on M compatible with lo, with Calabi coordinates x, y. 

Proof. The main part of the proof is a corollary of Proposition 231 We just have to 
verify that the compactification conditions ([T]) on Ha.b correspond to p2)) : Then 
the proposition would follow from Proposition 12.61 We compute that 



Moreover, dHjo,. ^q,.) (wq. , MqJ — C^.A' {ai)dai and 

d'H.{x,xp,){ui3i,Ui3,) = -Cp.B'{/3i){(3.id(Ti - da2). 

Finally, we have u^. — C/3-{Pidai — da2) and Wq. = Caudal via the standard 
identifications T^A ~ t* and t* ~ t, given by the basis (cri,cr2)- D 

Corollary 4.10. A symplectic potential of the Calabi toric metric gA,B is given by 
G{x,y) ^x r ( [ -Jr--dt] ds-x [ \ ( [ -^dt] ds. 



It. Bit) J -s^ \Ju, A{t) 

It is unique, up to addition of an affine-linear function of the variables x, xy. 



With a similar argument as in the generic case, see Proposition 13.81 we derive 
from the Proposition 14.91 the following proposition. 

Proposition 4.11. Let [M,uj,T) be a symplectic toric A-orbifold with moment 
map fx. There exists a a compatible Calabi toric metric on (Af, w) if and only if 
Im fi is a trapezoid which is not a parallelogram. 

4.3. Extremal Calabi toric metrics. Using the Abreu formula ([7|) and the ex- 
pression oi g — gA,B with respect to the moment coordinates ai — x and a2 = xy, 
one computes that 

r43^ 9rr ^- \-^—H B"{y) + A"{x) 

(43) 5(G,,, J --l^ a^^'^ X ■ 

In particular, the extremality condition for such a metric may be expressed as 
conditions on A and B. More precisely, since that, on the manifold M, the metric 
gA.B is a smooth Calabi type metric, we can apply [31 Proposition 14] to obtain: 

Proposition 4.12. [HI [3] Let {M'^,uj, J, gA,B,T) be a Calabi toric orbifold with 
coordinates x,y. The metric gA.B is extremal if and only if A is a polynomial of 
degree at most A, say A{x) = Aox'^ + Aix^ + A2x'^ + A3X + A4^, and B is a polynomial 
of degree 2 such that 

(44) B"iy) = -2A2. 

Moreover, assuming J^^j j, gA.B has constant curvature if and only if Aq = and is 
Kdhler-Einstein if 

(45) Ai^As^ 0. 
In particular, if gA.B is extremal, then 

(46) S{Gg^ ,,) = -I2A0X - 6A1 = -12Aoai - 6A1 
is equipoised. Thus, we deduce 
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Corollary 4.13. If the Calabi toric metric qa.b is extremal, i^enC(A,ti) is equipoised 
My) 



and the metric — -4t-t + B{y)ds^ has constant (positive) scalar curvature 2k 



~B"{y). 

The following is the counterpart of Lemma [3. 131 in the Calabi toric case. 

Lemma 4.14. Let (A,u) be a labeled Calabi trapezoid with Calabi parameters 
(oi, 02, /3i, /32, , , C*/?! , C'/32) G There exist polynomials A, B of respective 
degree at most 4 and 2, satisfying and {44^ if and only if 

(47) Cp,=-Cp,. 

In that case, the polynomials A and B are uniquely determined by the Calabi pa- 
rameters. A is of degree 3 if and only if 

1 / 2a2 + Oi 2oi+02\ 1 



^ ^"^ (02-01)2 \^ ' J (/32 - A)C'/32 ' 

and satisfies, in addition, if and only if 



, , (2oi + 02)02 (2o2 + Oi)oi _ 

^Ql ^Q2 

Proof. From the boundary conditions (H^ and the fact that B"{y) = —2k must be 
constant (see Proposition 14. 121) . we infer that B{y) = —K{y — I3i){y — j32). Hence, 

(50) B"{y)^^2K = 



(/32 - fii)C0, (/32 - /3i)C02 

is negative. Similarly, the conditions (|42l) and the fact that A{x) must be a poly- 
nomial of degree 4 (see Proposition 14. 12p . lead to 

A{x) = (a; - oi)(x - a2)QA{x) 

for some degree 2 polynomial Qa{x) = Aqx^ + Rix + i?o- Thanks to the boundary 
condition on A we obtain 3 linear equations for the variables Aq, Ri, R2. 



The solution is 

Ri 

(51) i?2 = 



A'(ai) 


= (oi 


- a2)QA{ai) = 


2/ , 


A' (02) 


= ("2 


- cti)QAia2) = 


"21 Can 


A2 


^R2- 


- i?i(ai + 02) -f 


- AQ0L\Ci2 = K. 




1 


(— + —) 


— ^o(Q!2 + Cti 


(0:2 - 


-ai)2 


\ C*ai Cct2 ) 




-1 


(2a2 ^ 2oi\ 


+ AQa2ai 


("2 - 


-ai)2 





Ao{{a2 + ai)^ + 201O2) 



/ 2o2 + Oi 2oi + 02 



(02 - Oi)2 \^ 



Notice that (02 + 01)^ + 20102 > since 02 > oi > by assumption. Thus, we can 
derive the expression of coefficients Aq, Ai, A2 = k, A3 and A^ in terms of Calabi 
parameters. The equation ([iS]) is equivalent to Aq = while (liSI) is equivalent 
to El. □ 
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5. Proof of the main results 

5.1. Equipoised functions and existence of solutions. As explained in the 
introduction, the solution of Problem [1] for parallelograms is the product of solu- 
tions on labeled intervals given by formula Q. Notice also that any affine-linear 
functions are equipoised on a parallelogram. Indeed, this is true on a square and 
any parallelogram is affinely equivalent to a square. 

We have established in the previous sections that any quadrilateral which is 
not a parallelogram is afHnely equivalent to either an orthotoric polytope or a 
Calabi polytope. More precisely, for any convex quadrilateral A which is not a 
parallelogram there exists an affine invertible map sending A to a quadrilateral in 
which is the image of a rectangle [ai, x /32] via the map (t(x, y) = (x + y, xy) 
if A is generic and a{x, y) = {x, xy) if A is a trapezoid, see Definitions 13.31 WM We 
fix such a representative of A and a set of normals u = (ui, U2, U3, U4). Any other 
choice of normal inward vectors is obtained from u by 

(52) .(r)=f!^,!^,^,^ 

\ri r2 rs 

with r € K>o- In the orthotoric (resp. Calabi) case, we choose u such that u{r) 
give the normals ([Ti)) (resp. (|40p ) for 

, / 1 -1 -1 1 

(53) r- = (ri,r2,r3,r4)= — 

\Oq;j ^f}2 

5.1.1. The space of normal inward vectors and formal solutions. In Sections |3] and 
m we introduced two kinds of solution of equation Q in terms of a S'^R^-yalued 
functions 'H.a,b depending on two polynomials A and B respectively given by (jlSp 
if A is generic and (p9|) if A is a trapezoid. In both cases, we obtained a criterion 
on normals u{r) for (A, u{r)) to admit such a solution, expressed as a homogeneous 
equation with respect to the variables (ri, r2,r^,r4), see Lemmas l3.13l and l4.14l Let 
X(A) be the cone of inward normals (labeling A) satisfying this criterion. More 
precisely, using the parametrization above, if A is generic 

(54) X(A) = {(ri, r2, rg, 7-4) eM.i^\m holds }, 
and if A is a trapezoid 

(55) X(A) = {(ri,r2,r3,r4) G R^o I ^3 = r}. 

Lemma 5.1. For any convex quadrilateral A which is not a parallelogram, X(A) 
is a 3-dimensional cone. 

Proof. Letting X'(A) be the vector space spanned by X(A), we have X(A) = 
Ri.o'^X'C^)- If A is a trapezoid, the Lemma lOl obviouslv follows from the definition 
and Proposition 14.141 If A is generic, we denote by (a, /3) its characteristic pair, 
see Corollarv l3.6[ and identify A with (T([l,a] x [0,/3]). Using the notation ([5^. 
equation ([M)) becomes 
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where 

Di = {l + af + + ^2 _ 2(2a + l)(/3), 
-D2 = (1 + a)2 + 2 + - 2(2 + 
i:»3 = 3/3^ + (1 + a)2 + 2a - 4/3(1 + a), 
1)4 = /32 + (1 + + 2a - 2/3(1 + a). 

The lemma follows from the fact that Di > D4 > D3 > D2 > which in turn 
follows that 0</3<l<aas stated in Corollarv l3.6l □ 

5.1.2. The space of normal inward vectors with equipoised extremal affine function. 
Recall that an afRne function / is equipoised on A if ~ where 

si, . . . ,S4 are the vertices of A and si is not adjacent to S3. Moreover, we can 
assume (without loss of generality, see Lemmas 13. 5114. 7p that any quadrilateral, 
unless parallelogram, is either an orthotoric polytope or a Calabi polytope. Note 
that orthotoric and Calabi polytopes come with a fixed affine embedding A C 

= {((7i, 0-2)1 (Ji € ]R} having as common feature that the function (cri, (T2) 1— >■ ui 
is equipoised on A while (cri,(T2) '-^ (^2 is not. Hence, an affine-linear function 
/ : A — )• R is equipoised on A if and only if / is constant with respect to CT2 • 

Hence, from the linear system ([9]), for a given labeling u = (mi, M2, U3, U4), the 
extremal affine function C(A,ti) is equipoised if and only if the linear system 

(57) W^iiCi + W^oiCo = Zi 

W^2iCi + ^-02(0 = Z2 

admits a solution, that is if and only if 

(58) (WooW^ii - W^^)Z2 = {W02W11 - Wi2Woi)Z^ + (1^12^00 - W^o2W^oi)^i- 

Notice that in the system ^ (and hence (|57|)). only the right-hand side depends 
on the normals: For any other inward vectors w(r), see (j52p . with r S R>o: the 
matrix W remains unchanged while Z{r) depends linearly on r — (^i, r2, ra, r4). 
Hence, the equation (j58p is homogeneous and linear with respect to r. Denote 
Oij = Jp ^Jiidvj where Uj A dvj ~ — d/ii A (i/i2 on Fj, so that Zi{r) = Oijrj. The 

equation (|58p can be rewritten as X]j=i ^j'^'j — where 

E, = a2j{WooWn - l^oi) " aoj(1^02T^ii - W12WQ1) - 01,(^^12^^00 - ^^02^^01)- 
We define the vector space E'(A) = |r e R'' Y.]=i Ejrj = | , so that 

E(A) = E'(A) n R^o = {r e R>o | C(A,«(r)) is equipoised on A}. 

The next Lemma will be the key for the main result of this paper. It follows from 
the fact that we linearized the PDE of Problem [T] in Lemmas 13.131 and 14. 141 

Lemma 5.2. For any convex quadrilateral A which is not a parallelogram 

E(A) = X(A). 

Proof. Since E(A) = E'(A) nR!.o, X(A) = X'(A) HR^q and since we proved that 
X'(A) is a 3-dimensional vector space, we only have to prove that X(A) C E(A) 
and that E'(A) is a 3-dimensional vector space. 
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Firstly, X(A) C E(A). Indeed, for a point r e X(A) one can construct a matrix- 
valued function 'H.a,b = {Hij) satisfying the boundary conditions (H]) and ([3]) by 
Lemmas 13.131 and 14.141 The latter condition means that the function 

(59) S{nA,B) = 

is affine-linear and thus coincides with C(A.«(r))j see Remark 12 .71 In particular, due 
to the construction C(A.«(r)) is equipoised and then r e E(A), see Remark [3. Ill and 
Corollary HH 

Secondly, E'(A) has dimension 3 since the coefficients Ei of the defining equation 
EjVj = are not all zero. We prove this fact separately for both cases. 

(i) Suppose that A is generic, we identify A with an orthotoric polytope with 
parameters /3i < /32 < ai < 0^2. Recall that the (fixed) inward normal vectors u 
are given via (|52|) and (f53| . that is. 

We compute 

Zo{r) = 2{p2 - Pi) {r2 + + 2(^2 - ai) {r^ + 
Zi{r) = {h - A) ((2a2 + /32 + Px)r2 + (2ai + /?2 + Px)rx) 

+ {0.2 - a\) ((2/32 + "2 + ai)r4 + (2/3i + a2 + "O^'a) 
Z2(r) = (/?! - p\) (a2r-2 + airi) + (a^ _ (/?2r4 + Arg) . 



(60) 



In particular, at least one coefficient is not zero as the alternating sum —E\ + E2 — 
E3 + E4 is 

(61) (a2 - ai)(/?2 - PiKWooWn - W^,) (^2 + ai - /32 - M ^ 0. 

Indeed, recall that Wij — fiifijdv is an inner product on L^(A) and that /io and 
Hi are everywhere independent as functions on M^. Hence, the Cauchy-Schwarz 
inequality is strict for them, showing that Wq^ > WoqWu. Thus, holds since 
Pi < 132 < Oil < a2- 

(a) Suppose that A is a trapezoid, it corresponds to a Calabi polytope with 
parameters (32 > Pi > and a2 > ai > 0. The fixed inward normals are 

Ul = , U2 = (^\^ , ^3 - (^'^) , U, = (^f^l 

and we compute 



Mr) 


<Pi 


-Pi) 


{2a2r2 - 


f 2airi) 


+ [0-2 


- ai) (2r4 - 


h2r3) 


Ziir) 


HP2 


-Pi) 


{2alr2 - 


f 2alri) 


-{0?2 


- al) (r4 + 


''3) 


Z2{r) 


= {Pl 


-Pi: 


1 (^2^2 4 


-ajri) - 


{0^1- 


a\) {P2ri - 


- Pirz) 



Notice that 

Ei - E3 = -{P2 - pi){WmWii - W^i){ai + as) ^ 
as above. It follows that at least one coefiicient is non-zero. □ 
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5.2. Proof of Theorem 11.31 The proof given below is similar to the one of [5j 

Theorem 3]. 

Let (A, u) be a labeled convex quadrilateral with a equipoised C(A,ti)- Suppose 
that A is not a parallelogram. From Lemma 15.21 we know that there exist polyno- 
mials A and B for which the matrix II a. b, given by (l39l) for trapezoids and (IT8|) for 
generic quadrilaterals, satisfies the boundary conditions ([T]) and S'(H/i.b) = C(A,m)- 
Thanks to the uniqueness of the solution of Problem [l] see §2.2.11 to prove Theo- 
rem ll.3l we only have to show that Ha.b is positive definite if and only if (A, u) is 
relatively analytically K -stable with respect to toric degenerations. 

Denote by 7^ (A) the set of non-smooth convex piecewise affine- linear functions 
on A. Suppose that / G 'P(A) has only one crease, meaning that A is cut into two 
pieces A = Ai U A2 on which / is affine-linear (thus fi — f\Ai is smooth). Denote 
by Sf = 9 Ai n 9A2, the segment passing through the interior of A, determined 
by the crease of /. A normal vector to Sf is given by 

Uf = 

where Usj = -^j-fs are constants. This vector is inward to Ai. Denote by dvf the 
(positive) volume form on the oriented segment Sf for which —Uf A dvf = dv = 
d^i A d^2- Substituting C(A,u) by S{11a,b) (even though 11a,b is not necessarily 
positive definite), we get 

(62) ^(A,u)(/)=/ iiA,B{uf,Uf)dvf. 

JSf 

For functions with more than one crease, the relative Futaki functional decom- 
poses into a sum over the creases of expressions of the type (|62|) . Indeed, the 
integration by part leading to (p^ may be used successively, as in [31], showing 
that if iiA,B is positive definite then (A, u) is relatively analytically iiT-stable with 
respect to toric degenerations. It remains to prove the converse. 

From Lemmas 13.51 and 14.71 we can assume that A is the image of a rectangle 
[q;i,Q!2] X [/3i,/32] via the affine map a, see Definitions 13. 3[ Let 0^, Ca2, Cp^ 
and C/32, be the constant determining the normals respectively as in (resp. 
(|40)) ). Then, to every x € [ai,a2] corresponds a segment Sx C A, given by the 
image of [;5i,/32] by a{x, •). We define similarly segments Sy for every y G [^i,/32]- 
For any function / whose only crease is Sx, we compute 



(63) >C(A,«)(/)= / H^.s(w/,w/)di// = ^(x)(/32-/3i), 

J So, 

up to a positive multiplicative constant. Similarly, if Sy is the only crease of /, we 
get that, up to a positive multiplicative constant, 

(64) j^{A.u){f) ^ ilA.Biuf,Uf)di^f = B{y){a2~ ai). 

JSy 

Then, from and ([M]) . >C(a,m)(/) > for any non-affine-hnear function / S 
^(A) implies that A and B are positive on the respective open intervals {ai,a2) 
and (/3i,/32), and thus 'H.a,b is positive definite. 
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Remark 5.3. Of special interest is the case when the parameters ai, a2, /3i, P2, 
, , , C/32 are rational. One then gets a rational labeled polytope (A, A, u) 
with vertices lying in A*, see Lemma l6.9l Presumably, this would be the case where 
the algebro-geometric setting of the problem makes sense, see [IGj for the case of 
smooth varieties and the work of (31] for the case of orbifolds with cyclic orbifold 
structure groups. In this setting, rational convex piecewise functions would arise 
from toric degenerations of the toric orbifold. 

It is worth noticing, as in (SJ Theorem 3], that under this assumption the polyno- 
mials A and B have rational coefficients and two simple rational roots. Therefore, 
they cannot admit double irrational roots, showing that Ha,b is definite positive 
as soon as >C(a.u)(/) > for any rational function in 7^(A). 

5.3. Proof of Theorem 11.41 We prove Theorem 11.41 in three steps. 
First, we show the last part of the statement concerning C(A) and K(A). Then we 
prove that E^(A) and E(A)\E^(A) are both non-empty for generic quadrilaterals 
and, finally, for trapezoids. We begin by recalling and giving alternative definitions 
for E+(A), C(A) and K(A). 

Let A be a convex quadrilateral which is not a parallelogram. We suppose, 
without loss of generality, that A is embedded in as an orthotoric quadrilateral 
if A is generic and as a Calabi trapezoid otherwise. In both cases the associated 
parameters are denoted ai, a2, /32- 

Let N(A) be the 4-dimensional cone of inward normals associated to the facets 
of A. We fix inward normal vectors u = M2, M3, U4) so that any other normal 
inward vectors can be expressed as u{r) for some r € R>oi using conventions (|52p 
and ((53|) . Via this parametrization, N(A) — M^g. 

We know from Lemmas 15.11 and 15.21 that the condition that C(A,it) is equipoised 
defines a codimension one sub-cone E(A) C N(A) which can be equivalently defined 
as the cone X(A) of normals for which there exist polynomials of degree 4, A and B, 
such that Ha^b (given by if A is generic and (15^ otherwise) is a solution of ^ 
satisfying the compactification condition ([1]). Recall that A and B are uniquely 
defined by these conditions. Letting A{x) = Aqx'^ + Aix^ + A2x'^ + A^x + A4 and 
going back to the proof of Lemma [^21 we get 

E(A) = {r e N(A) |C(A,«(r)) = -12Aof7i - 6A1 } . 

In particular, noticing that a constant function is equipoised on any quadrilateral, 
the set of normals C(A) for which C(a,m) is constant is a subset of E(A), and is 
equivalently defined as 

C(A) = {reE(A) Mo = 0}. 

The subset E'''(A) of normals for which (A,u) is relatively analytically K-stable 
corresponds, via Theorem 1 1.3[ to the subset of E(A) for which A and B are positive 
respectively on (ai,a2), (/5i,/32)- 

Step 1. For any normals in C(A) C E(A), A is of degree 3 and has ai, a2 as roots. 
The conditions A'{ai) > and A'(a2) < ensure that A is positive on (Q;i,a2)- 
For similar reasons B is positive on (/3i,/32). Hence, C(A) C E~''(A). 

By using Lemmas 13.131 and 14.141 the sets C(A), E(A) are defined by linear 
equations with respect to ri,r2,r3,r4. We already know from Lemma 15.11 that 
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E(A) is 3-dimensional. Similarly, the set of normals C(A) for which C(A,u) is 
constant is defined by 

^ ' ^' t (ST]), dm) hold, if A is a trapezoid 

while the set of Kahler-Einstein metrics is 

K(A) = /. P T^(A) <121, m hold, if A is generic 

^ ' y ^'''y'^) g7|, dUl), dMl) hold, if A is a trapezoid 

We infer from Lemma [Ol that E(A), C(A) and K(A) are sub-cones of N(A) of 
respective codimension one, two and three. 

It remains to prove that E^(A) is proper and is a non-empty open subset of 
E(A). It is clearly open by definition. Recall from the proofs of Lemmas 13. 1314.141 
that A{x) = {x - ai){x ~ a2)QA{x) and B{y) = (y - pi\){y - f^2)QB[v) where 
Q^(a;) = At^x^ + R^x -f i?2 and the degree of Qb depends whether or not A is 
generic. The polynomial A (resp. B) is positive on (ai,a2) (resp. (/3i,/?2)) if and 
only if Qa (resp. Qb) is negative on these intervals. The compactification con- 
ditions imply that Qa (resp. Qb) is negative at the ends of the interval (01,02) 
(resp. (/3i,/32)). In particular, if Aq > then A is positive on (011,02). 

Step 2. If A is generic then (5s(y) = -Aoy^ + Siy + 82- The fact that E+(A) 
is a non-empty open subset of E(A) will follow if we can find r g E(A) for which 
Aq > and Qb has imaginary roots. Indeed, Aq > implies A > on (oi, 02) as 
above, and since Qb has no real root and is negative at /3i, is always negative. 
Thus, r is in the open subset of E(A) (included in E^(A)) defined hy Aq > and 
S'l -I- 4:S2Aq < 0. On the other hand, the fact that E^(A) is a proper subset of 
E(A) would follow from the existence of r G E(A) for which Aq > and Qb has a 
double root in (/?i, /32). We now show the existence of such r. 

Assume, (without loss of generality, see Corollarv l3.6p . that A is the orthotoric 
quadrilateral with characteristic pair (o,/3), where < /3 < 1 < o and o — /? > 1. 
We use the notation in the proof of Lemma ISJJ Let r — {'ri,T2,T^,r4) G IR>o- 
Letting a = ^Efj2 and b = r e E(A) if and only if 

(65) ?i)2 (-Pi - -P2) ^ ~^(-P4 - ^3) + aD2 - bDi. 
RecaU from Lemma lOl that Di > D4 > D3 > D2 > 0. 

Now r e E^ (A) and > if and only if, assuming , the following conditions 
hold: 

(66) a > -J^^^^^: ^ > max{0, -b} and ^{D^ - D3) < aZ?2 - bD^, 

(67) a>b. 

Moreover, Qb has conjugate imaginary roots if and only if Sf + 4^05*2 < 0, that 
is, if and only if 

!1 > ^'(" + 1 - , - _ . 

^ ' /32 - 2(a-5)/3 8(0 + 1-/?) ' 
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with equality if and only if Qs has the double (real) root A = . 

Claim 5.4. For any b < 0, there exists oq > such that for all a > ag, we have 

D4 — U3 2[a—b)p 8[a + l~p) 

Step 2 will be complete as soon as we prove the Claim 15.41 Indeed, taking b 
and a > uq satisfying this Claim we have that a > > 5 implies (j67p and the 
inequality (j69p allows us to pick r^ such that 

(70) il<I^(«^-^^^)' 



(71) ^> + , , -b. 



ra ^ b ^a + 1-/3) (a - b)/3 
2(a-6)/3 8{a + l-l3) 

Thus, ([7T|) implies that > — 6 while ((70)) together with equation (|55|) imply that 
ri > 0, so the condition (|66| holds. Picking such that the inequality ([71]) is strict 
implies that the strict inequality of holds (so that Q b has no real roots) while 
picking r3 such that the equality of ((7T|) holds implies that Q b has the double root 
A. We have A e (0, if and only if Si G (0, 2Ao/3) which means (by virtue of (|3T|) ) 
that — v4o/? < 26 < Ao/3. Thus, Qb has a double root in (0, f3) if and only if 

/3(a-6) I3(a-b) 
(72) --^^ '— <2b< '^^ ' 



2{a + l-p) 2{a + l-p) 

which, in turn, is verified as soon as a is big enough. Hence, it remains to prove 
the Claim EH 

Remark 5.5. It is easy to see that once given r £ E(A)\E~''(A) such that ^0 > 
and Qb has a double root, there is a 3-parameters family of such solutions. 

Proof of the Claim \5.4\ We compute that 

1 ^n^ (a - ^')[(« - /3)' + 3 + 2a - 4/3] + 26(1 - /3 - a) 

[aU2 - oDi) — 



D^-Ds' ^' 2/3(a + 1 - ^) 

One can assume that a > 6 so the inequality (1691) holds if and only if 
"4(a - + 8a + 12 - 16/3 - 



(73) 



8/3(a + l-^) 
26(1-^- a) 



(a-b) 



2 



+ b 



_2/3(a + l-/3) 

Fixing 6 < the left hand side is a polynomial, say P{a — b), of degree two with 
respect to a — 6 for which the main coefficient 

4(a - /3)2 + 8a + 12 - 16^ - /32 
8/3(a + 1 - ^) 

is positive. Thus P is a convex function. Hence, there exists a > big enough to 
ensure P to be positive at a — 6. □ 

Step 3. If A is a trapezoid, then Qsiv) — — — 2r3 and E(A) = {r e M* q | = 
Ti}. Using the formulae of Lemma [4.141 we express ^0 in terms of the variables 
r = (ri,r2,r3,r4) and the Calabi parameters ai, a2, /3i, /32. In particular, for any 
number rs — r4 > 0, there exist ri,r2 > such that (ri, r2, ra, r4) € E(A) and 
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Aq > 0. Thus, for such r, A is positive on (01,02). We then infer that E+(A) is 
not empty. 

It remains to find a point in E(A)\E^(A). Denote a = ri — r2. Notice that Qa 
has a root in (ai, Q!2) as soon as it has real roots and the root of hes in (ai, 012), 
that is, if and only if 



(76) {Rj - 4Aoi?2)(a2 - "i)'* = (2a + ^0(02 - aif^ + 8^0(^2 - ^1)^2. 
Fixe Ao < 0, pick a e (0,-^^(02 - a^ f) and € (0, ^^-"sttl-Zp' ^ '° 



that, via formula (1511) . r2 and ri — a + r2 determine and r^. We obtain a point 
r = (ri, r2, ra, r4) G E(A) for which A has a root lying in (ai, a2). 

Remark 5.6. The classification presented in this paper provides automatically a 
classification of toric weakly Bochner-flat metrics (i.e with co-closed Bochner ten- 
sor). Indeed, weakly Bochner-fiat metrics are extremal and an alternative definition 
is that {g, J, ui) is weakly Bochncr-flat if the form 



where pg is the Ricci form, is a Hamiltonian 2-form, see In particular, if (5, J, uj) 
is a toric weakly Bochner-flat metric then it is a toric Kahler-Einstein metric or 
admits a non trivial Hamiltonian 2-form, pg. 

In the setting of toric geometry, this latter case implies that the moment polytope 
A is either a triangle or a quadrilateral see ^3.11 and 14.21 If A is a triangle, using 
the uniqueness of extremal metrics the metric g should be a Bochner-flat metric 
on a weighted projective space as classified in with symplectic potential given 
by (HI). If A is a quadrilateral, depending of the number of its parallel edges, the 
metric g is either a product of metrics, a Calabi-type metric or an orthotoric metric. 
Moreover, if A is a quadrilateral which is not a parallelogram, using again the local 
characterization of metrics admitting Hamiltonian 2-form of [1] the condition of 
being weakly Bochner-flat metric is a linear condition on the coefficients of the 
polynomials A and B. More precisely, the normals u leading to a (formal) weakly 
Bochner-flat metric ilA,B form a sub-cone in E(A), deflned via the linear equation 
A3 — —B3 if A is generic and = if A is a trapezoid (without assuming ^0 = 0). 



A labeled polytope (A, u) is associated to a symplectic toric orbifold via the 
Delzant-Lerman-Tolman correspondence if and only if (A, u) is a rational labeled 
polytope with respect to a lattice A. The first part of this section gives an intrinsic 
criterion for testing rationality of polygons. In this paper, polygon refers to 2- 
dimensional polytopes. In particular, they are compact and convex. 

6.1. The rational type condition. Recall that (A,u) is rational with respect to 
a lattice A if G A and A is of rational type if there exists a lattice A and a set of 
normals u such that (A, u) is rational with respect to a lattice A, see Definition 12. II 
Let A be a polytope with d facets in a 2-dimensional affine space, {A, V). There is 




Rj - 4Aoi?2 > 0, 
2\a\ < ~A„{a2~ai)^. 



Pg = Pg 



Scalg 



2m(m + 1) 



6. Geometric applications 
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a canonical way to associate d (not necessarily distinct) points of P(V^*): To each 
facet, we associate its normal line. 

Recall that the cross-ratio is defined on ordered sets of four distinct points of 
the real projective line, Pi = [xi : yi] G RP^, 1 < i < 4, with Pi ^ Pj if i ^ j, by 
the formula 

rip p.p p\- ixiy3-yiX3){x2yi-y2Xi) 

[XlVi - yiX4j{X2y3 - y2X3) 

This definition does not depend on the chosen representatives and is invariant under 
projective transform. The cross-ratio may alternatively be defined for an ordered 
set of four, non-zero, distinct vectors. 

Remark 6.1. For any permutation 7 € ^4 and four distinct points Pi, P2, P3, 
P4 e P{V), the number r-^ ~ r(P^(i), P..y(2); P^(3), P-y(4)) lies in the set 

{r, r-\ 1 - r, (1 - r)-\ ^} 
r — 1 r 

where r = rid = r(Pi, P2; P3, P4). Hence, r-y is rational if and only if r is. 

Remark 6.2. Since PGL{2,M.) acts simply 3-transitively on RP^, for any ordered 
distinct three points Pi, P2, P3 S RP^, there exists a unique A S PG'L(2,R) such 
that APi ==[1:0], .4P2 ==[0:1], AP3 = [1:1]. Then, for any P4 e RP^ 

r(Pi,P2;P3,P4) = r([l : 0], [0 : 1]; [1 : 1], AP4) = slope(AP4) 

Proposition 6.3. Let A be a polytope with d edges in a 2-dimensional affine space. 
A is of rational type if and only if A has either 

(1) at most 3 distinct normal lines, 

(2) 4 distinct normal lines with rational cross-ratio, 

(3) at least 4 distinct normal lines and the cross-ratio of any four of them is 
rational. 

Proof. Let A be a convex polygon in R^. For at most 3 points of RP^, there 
obviously exists a lattice intersecting non-trivially each of them, see Remark 16.21 
Thus we suppose that A has at least 4 normal lines Si, ... 6k S MP^. 

Suppose there exists a lattice A intersecting non-trivially Si, ... dk. Then, there 
exists A e GL{2,'R) such that A{A) = Since {ASt n Z^) 7^ {0} for all i, we can 
choose a non-zero integral point in each real line Si to compute the cross-ratio: For 
any four distinct indices i, j, k, I, we get 

Y{5^,5j;5k,Si) ^Y{A5,,A5f,ASk,A5i) e Q. 

Conversely, fix three of the normal lines, say Si, S2 and 63. By Remark 16.21 
there exists a unique [A] e PGL{2,M.) such that [A]Si = [0:1], [A]S2 = [1:0] and 
[A]S3 = [1:1]. Thus, by assumption and Remark |6.2[ 

r{Si,d2,S3,S^) ^ slopei[A]S^) G Q, 

for any i > 4. So, the normal lines [A](5i, ... [A]Sk meet (non-trivially) the lattice 
Z^. Thus, for any representative A E GL(2,R) of [A], the lattice A^^Z^ intersects 
non-trivially each of the lines Si, ... Sk. O 

Corollary 6.4. A quadrilateral is of rational type if and only if the cross ratio of 
its normals is rational or infinite. Moreover, the set of quadrilaterals of rational 
type is dense in the family of quadrilaterals and contains connected subfamilies. 
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Corollary 6.5. An orthotoric polytope with parameters /3i < /32 < cki < 02 is of 

rational type if and only r = (^^Z^^^)("^Zf rational. 

Consider the orthotoric quadrilateral A^,^ = (t([0,/3] x where cr{x,y) — 

{x + y, xy), given by the characteristic pair (a, j3) with 0</3<l<a, a — /3>1, 
see Corollary 13. 61 The condition of being of rational type then read as 

P{a - 1) 

Proposition 6.6. A labeled orthotoric quadrilateral associated to orthotoric param- 
eters (q!i, Q!2, /32, C'qi , (^02: C'/3j , C^j) is a rational labeled polytope if and only if 

(2) C(j^ > and there exist positive rational numbers pf^-^, Pa-2J Pai such that 

no —ihn^Aca Ti r — —Limiilro nnri n r — 

PPi^lSi — (^ai-Pi)^l^2! Pa2^a2 — {a2-Pi)^l^^ ana Pa^L^ai — (qj _/3i) "-^ft ■ 

Proof. In order to prove the proposition, we start with the following easy lemma. 

Lemma 6.7. Let Uq, ui, U2 be pairwise linearly independent vectors of a 2- 
dimensional vector space V . They generate a lattice if and only if there exist 
non-zero integers hq, ni, n2 such that UqUq + niUi + 7121*2 = 0. 

Using Lemma l67fl for both {wc^j , ""Cqj , uc^sj } and {uc^^ , uc^,^ , uc^^ }, we obtain 

the homogeneous linear system 

niaiCai + n2a2Ca2 + noPiCp^ = niCa^ + ?^2C'a2 + noCjs^ = 
kiaiCai + A;2/?2C^2 + k^PiCf}^ = kiCa^ + fc2C/32 + koC/s^ = 

for the unknowns 0^,, C^^, Cp,, Cp^. It follows Cp, = C'^ , C^^ = 

nok2 (/32-ai) ri C _ fc2 (P2-P1) n a-nA 
kon2 (ai-a2) ~ ki (Qi-/3i)^fe '^"^ 

^ _ fc2»0 (Q2 - Pl){fi2 - Ctl) ^ _ ^ fc2"-0 (^2 - Pi) ^ 

fconi («! - - 02) kani{ai-l3i) 

from where we get the cross ratio condition (1) (since r — j^)- The expression of 
the coefficients of condition (2) follows easily. 

Conversely, if conditions (1) and (2) are satisfied, the equations 

have rational coefficients. Then ucf,^, "^^Cq^i ^Cp^i '^Ca^ ^'^^ contained in a 
lattice. □ 



From Proposition 16.31 we know that any trapezoid is of rational type. However, 
normals of a trapezoid must satisfy some condition in order to be contained in a 
lattice. The following proposition gives these conditions. The proof is similar to 
the proof of Proposition 16. 61 

Proposition 6.8. A labeled Calabi trapezoid with Calabi parameters 

{ai, Q;2, /?!, /32, , , C/3j , Cp^) 

is a rational labeled polytope if and only if Cp^ > and there exist positive rational 
numbers pp^, Pa2, Pai such that —pp^Cp^ = Cp^, Pa2Ca2 = — Pi)Cp2 and 

-PaiCai = -{132- Pl)Cp^. 

Lemma 6.9. A is strongly rational if and only if a, /3 G Q. 
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Proof. Recall that a polytope A sitting in a vector space V is strongly rational if 
there exists a lattice A* C V such that, up to translation, all the vertices of A lie in 
the lattice A*. Notice that, in this case, if one vertex lies in A* then all the vertices 
do and, seen as vectors with respect to the origin, the vertices generate a sublattice. 
Suppose that A is a quadrilateral and take a normal form of A. The vertices (0, 0), 
(0, 1), (1, 0) and (a, 1-/3) belong to one lattice if and only if a, /3 G Q. □ 

6.2. Existence of extremal orthotoric and Calabi toric metrics. Corol- 
lary 11.51 from the introduction is a particular case of the following more general 
result. 

Proposition 6.10. Let A be a strongly rational convex quadrilateral which is not 
a parallelogram. 

• There exists a family, parameterized by 3 positive rational numbers, of un- 
stable symplectic toric orbifolds admitting no compatible extremal metric 
and whose moment polytope is A. 

• There exists a family, parameterized by 3 positive rational numbers, of or- 
thotoric extremal Kdhler orbifolds whose moment polytope is A. Moreover, 
this family contains a 2-parameter subfamily of constant scalar curvature 
Kdhler orbifolds and a 1-parameter (sub-) subfamily of homothetic Kdhler- 
Einstein orbifolds. 

Proof. Let A be a convex quadrilateral which is not a parallelogram. Denote by 
N(A) the 4-dimensional cone of inward normals associated to the facets of A. 
We fix inward normal vectors u — (ui, U2, M3, W4) so that any other normal inward 
vectors can be expressed as u(r) for some r e K^q, using conventions ((52|) and ([SS]) . 
Let us define 

R(A) = {?■ G M^o I "(^)) is ^ rational labeled polytope}, 

so that the extremal orthotoric orbifolds with moment polytope A are in bijec- 
tive correspondence with the elements of E^(A) n R(A). Unstable toric orb- 
ifolds with moment polytope A are in bijective correspondence with elements of 
(E(A)\E+(A)) n R(A). Similarly, cscK (resp. KE) toric orbifolds with moment 
polytope A are in bijective correspondence with the points of S^(A) n R(A) (resp. 
K+(A) n R(A)). Proposition EJO] follows then from Lemma EHH □ 

Lemma 6.11. If A is strongly rational then R(A) contains dense subsets o/E^(A), 
C(A), K(A) andE(A)\E+(A). 

Proof. Recall that a convex quadrilateral determines and is determined by its char- 
acteristic pair {a, fi) S with < /? < 1 < a and a — /3 > 1, see CoroUarv 13.61 
Thanks to Lemma [6^ we know that under the hypothesis of the lemma (that is A 
is strongly rational) a, /3 G Q. 

Suppose first that A is generic. Recall that R(A) ^ if and only if r{a, fi) — 
e Q, see Corollary O Moreover, thanks to Proposition EH if R(A) ^ 

then 

T}l\\ i f asq2 sqs \ Qi, (72, 93, 94 e Q>o, 1 



TORIC GEOMETRY OF CONVEX QUADRILATERALS 



35 



If A is a trapezoid, then, thanks to Proposition [UHl R(A) 7^ and 

Hence, Lemma [6.111 follows from Theorem 11.41 together with the fact that if a, 
/3 e Q then R(A) contains Q^g and the equations defining E(A), C(A) and K(A) 
have rational coefficients. □ 

Remark 6.12. The strong rationality is necessary. For instance, suppose that A is a 
generic polytope of rational type. The equations (f24| and ([25|) defining C(A)nR(A) 
in N(A) may be turned into equations involving polynomials of one variable with 
rational coefficients using the fact that r = € Q and the parametrization of 

R(A) by rational numbers. In particular, the existence of a point in C(A) n R(A) 
implies that a, /3 are algebraic of degree at most 3. Notice also that the condition 
r G Q implies that a, (3 have the same algebraic degree. Similarly, if A is rational 
but not strongly rational then K(A)nR(A) is empty. This fact can also be inferred 
from the general theory since it is well-known that the moment polytope of a Kahler- 
Einstein orbifold is strongly rational. 
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